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These notes cover a subset of [4], with some proofs taken from [7, Chapter
6] and [3] instead. These notes are meant as a guide to reading the books.

Please let me know of any errors.

I will correct any errors of which I become aware, but other than that, I do
not expect to modify this text.

1 Contents

The course will focus on comparison theorems in Riemannian geometry, namely
on results that put constraints on the topology of Riemannian manifolds that
satisfy various bounds on the sectional and Ricci curvature. Most of the results
are contained in the classical book of Cheeger and Ebin [4], but I will also refer
to the more recent book by Petersen [7].

I will begin with some explicit curvature computations, particularly for the
Berger sphere and the Fubini-Study metric. I will then introduce variations, and
in particular geodesic variations, i.e. variations of a geodesic through geodesics.
At the infinitesimal level, this leads to the notion of Jacobi vector fields, which
will be a central topic in the course. A first application of Jacobi fields will
be the classification of manifolds of constant curvature through the Cartan-
Ambrose-Hicks theorem.

On the other hand, Jacobi fields allow one to characterize the cut locus
(roughly, the locus in the tangent space T, M at which exp, ceases to be a
diffeomorphism). In particular, we will see that for manifolds with sectional
curvature sec < 0, the exponential map has no critical points, leading to the
Cartan-Hadamard theorem, stating that any complete manifold with sec < 0 is
topologically a quotient of R™. We will also see two further restrictions on the
topology (more precisely, the fundamental group) in this context, namely the
theorems of Cartan and Preissmann.

In the positively curved setting, I will illustrate Myers’ theorem for complete
metrics on which the Ricci curvature Ric is positively bounded below, stating in
particular that such manifolds are compact, and the Cheeger-Gromoll splitting
theorem, which holds more generally for Ric > 0.

Turning to the more restrictive case where sec > 0, I will prove Synge’s
theorem, based on the energy variation formula, and two results where sec is
additionally required to be bounded above, namely Klingerberg’s estimate on
the injectivity radius and Berger’s sphere theorem (at least in even dimensions,
following [?]).



I will conclude with the soul theorem of Cheeger and Gromoll, which realizes
any noncompact complete manifold with sec > 0 as the normal bundle of a
totally geodesic compact submanifold.

2 Connections

This introductory section establishes notation and recalls some facts about the
Levi-Civita connection, connection forms, and curvature.

A Riemannian metric g on a manifold M is a tensor that defines a positive
definite scalar product at each point, g, : T, M X T, M — R. One than says that
(M, g) (or simply M) is a Riemannian manifold.

We will say that {e1,...,e,} is a frame if the e; are vector fields on some
U C M such that at each x € U, {(e1)s,.-.,(en)z} is a basis of T, M. We will
denote by {e!,...,e"} the dual coframe, i.e. at each x € M {(e1)s,..-,(€1)z}
and {(e!)s,...,(e'),} are dual bases of T, M, T} M respectively. The frame
is orthonormal if at each point it determines an orthonormal basis of T, M; in
other words, if the metric takes the form e @ €.

If E is a vector bundle over M, we denote by I'(M, E) the space of smooth
sections of E. Denoting by C*°(M) the algebra of smooth functions M — R,
we see that T'(M, E) is a C°°(M)-module.

Given a tensor F' of type (’;), a C°°(M)-multilinear map is defined as

k
s X(M) x - x X(M) x QY (M) x --- x QY(M) — C°°(M),
l
Te(X1, o Xy @i, @) (@) = Fol(X0)e oy (Xk)as (1), (w1)2).

Example 2.1. If F is the tensor gijdxi ® dx’, then the associated map is

TF(a%ia 3%) = 9ij-
Proposition 2.2. A map
k
7 QY M) x - x QY M) x X(M) x --- x X(M) — C*°(M)

l

is induced by a tensor if and only if it is C*°(M)-multilinear.
Proof. Given a C'°° (M )-multilinear map 7 and x € M, we first show that
T( Xy, oo, Xy wi, -y wy) ()

depends only on (X1)z, .-, (Xk)z, (W1)zs - - -, (wi)z. Take alocal frameey, ..., e,
defined in a neighborhood U of z. Let p be a bump function with support in U
and p = 1 in a neighborhood of x, so that pe;, pe’ are globally defined. Let X
be a vector field that vanishes at z, and suppose X; = a’e; on U. Then

X1 = (pa’)(pe:) + (1 = p*) Xa

Since pa’ and pe; are globally defined, we can write

T(Xl,...,Xk7W1,...,wl) = paiT(pei,Xg,...7Xk,w1,...7wl)+(1—p2)T(X1,...,Xk7w1,...



evaluating at x, we find that if X; vanishes at z, then 7(X1,..., Xg,w1,...,w;)
also vanishes at x. This proves that

T(le" '7Xkaw17-"7wl)(x)

depends only on (X1)z, ..., (Xi)z, (W1)zy -+, (Wi)z. At this point, on the neigh-
bourhood of = where p = 1 we can define

F? = pluediging, ~®ei’“®ej1®. €y, Fijl"“’»j’ (y) = 7(peiy,- .- ,peik,pejl7 P (y);

11,0k 1-enslk

this clearly defines a tensor F'* on a neighbourhood of x. Since F'* is uniquely
determined in this neighbourhood, the tensors F'* glue together to give a global
tensor. O

Remark 2.3. A similar statement can be made from maps taking values in
QY (M) or X(M).

A connection on a vector bundle E is a map

V:X(M)xT'(M,E) - T(M,E), (X,s)+— Vxs,

satisfying the following conditions:

1. Vis C*°(M)-linear in X;

2. V is R-linear in s;

3. Vx(fs)=(X[f)s+ fVxs for any f € C°(M).

Example 2.4. Given any conection on TM, its torsion is the tensor corre-
sponding to the C'°°(M)-bilinear map

(X,Y) = VxY — Vy X — [X,Y].

Proposition 2.5. If V is a connecton on T M, there is a unique connection V
on each (T*M)®" @ TM®* such that

1. Vf=df forr=s=0;

2. V coincides with the given connection for s =1, r =0;
3. Vx(a®B)=Vxa®B+a®Vxb;

4. Vx commutes with contractions.

Proof. Let ¢ be the contraction from T*M @TM — A°M, ie. c(a®Y) = a(Y).
If T*M ® M is identified with End T M, then c is the pointwise trace.
If V is to satisfy the conditions in the statement, we must have

Vx(@®Y)=Vx(a)®Y + a® Vy;
taking the contraction, the left hand side gives
(Vx(@®Y)) = Vx(c(a®Y)) = Vx(a(Y)) = Xa(Y),
whilst the right hand side gives
c(Vx(@)®@Y +a@VxY)=(Vxa)Y)+ a(VxY),



so that we obtain
(Va)(Y) =d(a(Y)) — a(VY).

One can easily check that this defines a connection on T*M. At this point,
there is only one way of extending a connection on all tensor products so that
3. is satisfied. O

The Levi-Civita connection is the only torsion-free connection compatible
with the metric, i.e. the only connection on T'M such that

The connection form is the matrix of one-forms (w}), where

wé(X) = e'(Vxe;).

The connection form is not a tensor, because V is not C°° (M )-linear, but w(X)
maps sections to sections, as a section of End(7T'M) would; indeed, index place-
ment is consistent with the fact that for A € I'(EndTM) =T (T*M TM), one
can write o _
A= A;ej X e;, A(ej) = A;ei,
using the Einstein convention. Similarly, we can write
Ve; = w;» ® €.

Remark 2.6. The compatibility between V and g can be expresssed as Vg = 0.
If wj- is the Levi-Civita connection form relative to a frame {ej, ..., e,}, then
Ve = fw;: ® .

If the frame is orthonormal, w} is skew-symmetric, and one can also write Vel =
Yiwi@el
This reflects the fact that covariant derivatives commutes with the musical
isomorphisms
b:aje; — ael, H:ae’ — aze;.

Indeed,
Vxajej = (Xaj)e; + ajwij(X)es,
Vxajel = (Xaj)ed + ajwij(X)el,
ie. Vx(Y?) = (VxY).
Remark 2.7. The fact that V is torsion-free can be rewritten as
de’ + w;. ANel =0. (1)
This follows from the general formula
do(X,Y) = XaY) - Ya(X) —a([X,Y]), acQ'(M),X,Y c X(M). (2)
Indeed, fixing a frame {e;},
de'(en, er) = —€'([en, ex]) = —€'(Ve, ex — Ve, en) = —wi(en) + wi (ex)

= (—wj— Aed)(en,er).



Relative to a coordinate frame {%}, the connection form is determined by
the Christoffel symbols /

O _1k _0 .
vi ox; Fij oxy
81’7;

in these terms, the torsion-free condition reads
k k
i =T

The Levi-Civita connection can be computed using Koszul’s formula

which in terms of Christoffel symbols reads
QF% = ghk(aiwigjh + %gih - %gji)-
The curvature form is the section R of A2M ® End T M given locally by
R; = dw;1 +wi A wf. (4)
Proposition 2.8. If XY, Z are vector fields,
R(X,Y)Z =VxVyZ —-VyVxZ— V[X’y]Z.

Proof. Let {e;} be an orthonormal frame. Then

VxVye; = Vx(wé(Y)ei) = X(w;:(Y))ei + w;?(Y)wZ(X)ei.

Thus,

vayej - VyVXej — V[ny]ej
= (X(Wj(Y)) = Y (wj(X) = wi([X, Y])ei + (wj (V)i (X) — wyi (X)wp(Y))es

= dwi(X,Y) + wi,(X)wh (V) — wi(V)wi(X) = RU(X, Y)e;.

since R;-(X, Y') is the i-th component of R(X,Y )e;, this completes the proof
when Z belongs to the frame.

In general, one writes Z = Z'e; and shows that both sides are C°°(M)-
bilinear in Z. O

Proposition 2.8 implies that R is globally defined and independent of the
frame. Taking d of gives ' .
R:nel =0,

which evaluated on X, Y, Z yields the first Bianchi identity,
RX,YVZ+RY,Z)X +R(Z,X)Y =0.
We will also use the Riemann tensor, defined by

Rm(X,Y, Z; W) = g (R(X,Y)Z, W),



which satisfies the identities
Rm(X,Y,Z,W)=Rm(Z, W, X, Y)=—-Rm(Y, X, Z, W) =—Rm(X,Y,W, Z).

One then defines the sectional curvature
1

SeC('U, 'UJ) = m

Rm(v, w,w, v);

by construction, sectional curvature only depends on the plane spanned by v
and w in T, M; it is a consequence of Gauss’ equation that sec(v, w) it measures
the curvature at p of the surface exp,(Span {v,w}).

Remark 2.9. The identity

6Rm(x,y,z,t) =
82

m la=0,8=0 (Rm(:r—i—az, y+0t, x+az, y+0t)—Rm(z+at, y+ 5z, z+at, y+5z)

implies that R is determined by sectional curvatures.

Sectional curvature is related to the Ricci curvature, which comes in two
flavours: the Ricci tensor

ric(v, w) = tr(R(-, v)w),
and the Ricci operator
Ric: T,M — T, M, g¢(Ric(v),w) = ric(v, w).

Due to the symmetries of the Riemann tensor, ric is a symmetric bilinear form,
and Ric is self-adjoint relative to g. In terms of an orthonormal frame {e;}, we
have

ric(v, w) = ZRm(ei, v, W, €;).
i
By construction,

ric(ey,e1) = Z sec(eq, €;). (5)
i=2

Remark 2.10. In dimension 2, the Riemann tensor has only one component, i.e.
R=kel N2 ® (62 e —el® e2). We can identify k with either the sectional
curvature or scalar curvature. In particular, the Ricci tensor is Ric = kg.

Remark 2.11. In dimension 3, the Ricci tensor completely determines the Rie-

mann tensor. This is because at a point x, the Riemann tensor lies in S?(A2R3),
and the contraction map

S?(A’R?) — S°R?
is an isomorphism.
Remark 2.12. Consider the space (R")* ® (R")* ® (R™)* @ (R™)* of multilinear
maps from R” x R™ x R” x R" to R.
An element R of (R")*® (R")* ® (R™)* ® (R™)* determines another element
of the same space, call it SR € (R")®4, satisfying

SR(X,Y,Z,W)=R(X,Y,Z, W)+ R(Y,Z,X,W) + R(Z,X,Y,W).



The Riemann tensor at a point defines an element R such that GR = 0; in
addition, R lies in the subspace S?(A2(R™)*)).
If R is an element of S?(A%(R™)*), then &R = 0 if and only if R is in the
kernel of
SZ(AQ(Rn)*) ~>A2(Rn)* ®A2(Rn)* ~>A4(Rn)*,

where the first map is inclusion and the second map is the wedge product.
Indeed, if o, 8 lie in A2(R™)*, we compute

(aAB)X)Y,Z,W) =a(X,Y)B(Z,W) +a(Z, X)B(Y, W) + a(X,W)B(Y, Z)
+a(Z,W)B(X,Y) + a(Y,W)B(Z,X) + a(Y, Z)B(X, W)
=6(a®f+8®a).
Since an element of SZ(A%(R™)*) is the sum of elements of the form a® f+B®a,
the claim follows.

More generally, we can consider connections on a general vector bundle F;
the notion of torsion is not generally defined, but we can still define the con-
nection form as a local object taking the shape of a one-form taking values in
End E (though not a tensor), and the curvature defined locally as in satisfies

R(X, Y)a = VvaOé — Vyvxoé — V[X)y]a, (6)

for any section a.

In particular, the connection induced on any bundle of tensors by the Levi-
Civita connection satisfies (6]).

Notation. Throughout these notes, the symbols M, g, V,w, Ffj, w} will have
the meaning introduced above. In particular, I will not repeat “let (M, g) be a
Riemannian manifold” at the beginning of every theorem.

3 The Berger sphere ([7, §4.4.3])

Consider the group of matrices

At the identity, we have

su(2) = T,SU(2) = Span {i,], k}

=(0 %) i=(% o) == (0 o)

satisfy the quaternionic identities ij = k, i = —I = j2 = k. We can induce left-
invariant vector fields using left multiplication, which we also denote by i, ], k,

i.e. _ _ _
- ia b . [ b a Kk — —ib ia
Yl @) 1T \@ w) 2T \a

where



In the coordinates a = x¢ + ix,b = xo + iz3 € C2, we can write
i O . O 9 _ .. 0 i_ . 0 .0 _ . 0 9
l - ./L‘O 89:1 .'I;]_ 8900 + xz 69:3 x?’ 81/'2 ? ‘1 - :I;2 6900 x?’ 62:1 xo 81/'2 + Il 81123 ’
Y - E P - I 0 0
k - :ES 83?0 IQ 8:61 + ‘TO 8acd + :Cl (9.’1?2 ’
from which one can check that Lie brackets coincide with commutators, i.e.

L3 =2k [Lk]=2i [Lk=20

Consider the left-invariant metric for which

1, .
elzg176221a63:k

is an orthonormal frame, so that

le1,e2] = —e3, [es,e1] = —ea, [e2,e3] = 2ae;.
a a

For a = 1, we obtain the standard metric on the sphere. By , the dual
coframe satisfies

2 2
de! = —2ae? Ne®, de? = —Zed Nel, ded = —Zel Ae?.
a a

This is known as the Berger sphere metric. The Koszul formula for vector
fields X,Y, Z in an orthonormal frame can be written as

QQ(V)(Y, Z) = g([Xa YLZ) +g([Zv X],Y) - g([Y: Z]aX)a

where the nonzero summands can be arranged in the following table:

X Y Z g([X,Y],Z) g([Z,X],Y) g([Y,Z],X)
e1 ey e3 a ! a ! a

es ez e a a”! a~!

e3 €1 e a~! a at

ey €1 e3 —a~ 1! —a —a~ !

e ez €2 —aq ! —aq~ ! —a

e3 ez e —a —a~ ! —q !

Thus

1
Ve,ea = (207" —a)ez, Ve,e3=ae1, Ve =aes

-1
Ve,e1 = —aes, Ve es=(—2a"" +a)ez, Ve,ea =—ae;.

The connection form is therefore

0 —ae? ae?
w= | ae? 0 (—2a7! +a)et
—ae? (2a7' —a)e! 0
Thus
0 a?e! Ae? 2e3 nel
R=dw+whw=|=* 0 (4 —3a%)e? N e?
* * 0



ie.

R(e1,e2) = a*(e? ®@e; —e' @ey), R(er,e3) =a(ed ®@e; —e! @e3),
R(ez,e3) = (4 —3a)(e* @ eg — € @ e3).
Thus,
sec(e1,e2) = a® = sec(eq, e3), sec(eq,e3) =4 — 3a*;

If we take an arbitrary plane Span {cosfe; + sinfey, e3}, we see that

sec(cos feq + sinfey, e3) = Rm(cosfe; + sin fes, e3, e3, cos feq + sinfesy))

= cos? O Rm(ey, e3, e3, e1)+sin®  Rm(es, e3, €3, €2)) = a? cos® §+(4—3a?) sin? 6;
we conclude that sectional curvature lies in the interval

a? <sec<4-— 3a?.
The Ricci operator is

Ric = 2a%¢’ @ 1 + (4 — 2a%)(e* ® ea + ® @ e3).

4 Complex projective space [7, §4.5.3]

Given two Riemannian manifolds (M,g), (N,h), a Riemannian submersion
f: M — N is a submersion such that h(df;(v),df.(w)) = g(v,w) whenever
v, w are orthogonal to ker df,.

Let St = {\ € C | |A\| = 1} act on S?"*! C C"*! diagonally. Then
the quotient S?"*1/S' is CP". The projection S*"*1 — CP" is called Hopf
fibration. The aim is to obtain a metric on CP" such that the projection is a
Riemannian submersion.

Write the generic point of C**! as (p1e,. .., ppyr1e7+1); the Euclidean
metric reads Y dp? + pZdy2. Write

n+l _ 9 lé)
H _871+...+87n+1.

Then g(H"1, H"t1) = p? 4+ ... + p2. The isomorphism between tangent and
cotangent spaces induced by the metric Y dp? + p?dy? determines a one-form
(H™1): explicitly,

(H") = pidys + ...+ o dyns.

Notice that H™*! is tangent to S2"*1!; its restriction is a unit vector field, and
its integral curves are the orbits of the S action.
Now parametrize the sphere S?"*! C R?" x C by

¢: (0,7/2) x SP L x ST — ST Cc C"x C,  (t,7,e"?) — ((sint)z, (cost)e™).
(7)

At the infinitesimal level,

de

tw,e“’(%) = ((COS t)ﬂ?, —sin teie)a d¢t7w,e“’ (Hn) = (H(nsin t)as 0)7

dqst,x,eie(%) = (Oa %kcos t)eie)'



In fact, (7)) can be defined on all of [0, /2] x §?"~1 x S, making it surjective,
but we will work on the open set where it defines a parametrization. The round
metric pulls back to

B ggan+r = dt? + sin® tggen—1 + cos? tdh>.

Assume n > 1. At each point of $?"~!, we can decompose the tangent space as
(H™)* @ Span { H"}; accordingly, the round metric decomposes as

s =g+ (H") © (H").
Thus, the round sphere on S2"*! reads
¢*ggent1 = dt? + sin® tgh + sin? t(H™)* @ (H™)® 4 cos? tdb?. (8)
Identifying tangent vectors through @, we can write

+1 _ 1%}
H"' =H" 4 2.

Notice that { H"+1, st yn_sint B} is an orthonormal basis of Span { H"+1, 21

and the dual basis is {(H"*1)?, sint cost((H™)* — df))}
Thus, we can rewrite as
¢*ggeni1 = dt? +sin® tgh + (H")’ @ (H"1)° +sin t cos? t((H™)” — dh)?.
Projecting (8) on (H"*1)+ yields
dt? + sin® tg* 4 sin® t cos® t((H™)" — d)>.

Now consider the diagram

(t,z,e?) e (0,7/2) x §?"~1 x §1 — = CP"
! |

(t,e ) € (0,7/2) x §2n—1

Then the metric on (0,7/2) x §?"~1 is
dt? + sin? tg* + sin® t cos? t((H™)” @ (H™)").
If n =1, g* does not appear, and we obtain
dt? + sin® t cos® tdvy? = i(dp2 +sin? pdy?), p=2t.

This is the local form of the metric on the sphere of radius 1/2 (see also Exam-
ple .

Now fix n = 2. Then $® = SU(2) and H? = i, so the Fubini-Study metric
on CP? has an orthonormal frame of the form

r . 1. 1

d
€0,€1,€2,63 = 57, —— 1, — ], — K.
T 9 gintcost” sinty sint

10



The nonzero Lie brackets are

4 cos 2t
ey, e1] = ———5—1 = —2(cot 2t)eq,
leo,ea] = = et (cot 2t)es
cost .
[60,62] = T 5 1= _(COtt)627
sin“t
leoses] = —(cott)es, [er,eal = ——es,
4

[e2,e3] = 2(cot t)ey, [es,e1] = 2,

sin 2¢ c
and the dual coframe satisfies
de® =0, de' = 2cot2te® —2cot te?, de® = cot te®?+4/sin 2te'?, de® = cot te®3—4/ sin 2te!?.
The Koszul formula for vector fields X,Y, Z in an orthonormal frame gives

29(VxY, 2) = (X, Y], Z) + 9((Z, X1, Y) - g([Y, 2], X),

showing that V., e; has a component along e, only if up to permutation {3, j, k}
is one of {0,1,1}, {0,2,2}, {0,3,3}, {1,2,3}. Thus, the connection form is

0 —2 cot 2te! — cot te? —cot ted
2 cot 2te! 0 — cot te? cot te?
cot te? cot te3 0 (cott — 4/ sin 2t)el
cot te? —cotte?  (—cott+4/sin2t)et 0

It is sufficient to compute curvature at ¢ = 7/4 because the group SU(3) acts
on CP? transitively by isometries. Thus, at t = 7/4, and using the short-hand
notation e* for e’ A €7, we obtain

0 4601 02 _4013 €03 4 4e12 0 —2¢23 313 312
03 12 _ 02 13 9 12 o 13
d(,_ * 0 e’’+4e e “+4de , YA W = 0 3e 3e ,

* % 0 —2e9net 46622 * % 0 —2e23
k% * 0 * * 0
0 4e9net —2e2ne® eOne?—elne®  eOnedtelne?
R _ 7460/\61+262/\63 0 eo/\63+el/\e2 760/\82+€1/\63
—eo/\e2+el/\e3 —eOned—elAe? 0 —260/\61-'1-4623
—eOne®—el ne? e'ne?—eltne® 2e'nel —4e?ne 0

In particular, we see that Ricci curvature is
ric=6(c’ @ e’ +e! @e!l +e?@e? +e® ®@e?),
and the metric is Einstein.

To compute sectional curvature, observe that the curvature at a point is
invariant under the action of the stabilizer U(2). Since U(2) acts transitively
on R*, up to the action of U(2), any plane is contained in the orthogonal of eg.
Thus, in order to compute the sectional curvature, it suffices to do so at a point,
and take planes orthogonal to eg.

The restriction of the Riemann tensor restricted to Span {eq, e, e3} is given
by

—elne?@ (e ®ey—e?®er) —eP @ (' @ez—e®er) —4eP @ (2 ®ez —eX ®ey).
This shows that the sectional curvature satisfies
1 <sec <4.

Remark 4.1. The above technique only works in dimension 4, but the conclusion
can be extended to CP™ by observing that every two-plane m C T,,CP" is tangent
to a totally geodesic copy of CP%.

11



5 Covariant derivative along a curve and mixed
derivatives

The purpose of this section is to introduce mixed derivatives of a function
f:Q — M, where € is an open set in R”.

To make things precise, one needs the notion of pullback connection. Given
any smooth map f: N — M, one has a pullback bundle f*T'M with fibres

(f"TM), =TrpyM;

its sections are maps s: N — TM with s(p) € Ty, M. Given a section X
of TM, i.e. a vector field, one can pull it back to a section f*X = X o f of
f*TM. A local trivialization (i.e. a frame) of M, ey, ...,e,, determines a local
trivialization f*eq,..., f*e, of f*T M. B

The pullback bundle f*T'M carries a pullback connection V, characterized
by

Vo(f*X) = Vi, X, veT,N,XecX(M).

In other words, if {ej,...,e,} is a frame on M and {é;,...,é,} is the corre-
sponding trivialization of f*T' M, then

6y(éj) = w;- (fsv)éi,

i.e. the connection form of V is C)} = f*w;
If x1,...,x, are coordinates about f(p), the frame 3%1, ce, % induces

a local trivialization of f*T'M that one usually also denotes by %, T
. . . 1 Tn
Writing f* = z* o f and given a section s = Sza%i of f*T'M, we have

Vi(s'gh) = (Xs')gh +5'Vyxgn = (Xs') 5k + 5/ (X )V o 5
Oz

= (Xs") g + (FT5)s' (X )55 (9)

Remark 5.1. The curvature of the pullback connection is just the pullback of
the curvature. This is because denoting the connection form of V by (wj), the
connection form of V is (f *wt), and therefore

J*R = f*(dwj +wi Awf) = d(f*w]) + (F*wi) A (F*wy)-
The pullback connection can be used to define mixed derivatives of a map
v: Q — M, Q C R™. This will be useful in particular for m = 2; then ~(s,t)
can be viewed as a one-parameter family of curves in M.
First derivatives can be expressed solely in terms of the differential:
oy

oy ) _‘9’Vj )
g O TM, oe = () = 55

We can also think of %’t’ as a section of v*T'M. This enables one to define its
mixed derivative:

Py _g, N
oot; - ot
Writing ¢, s instead of ¢; and ¢; and using @, we have
2y =~ 0y 0 vt 9 oy, 0
=V o ( )= t i
0sot 35 Ot Ox; 0s0t Ox; ot 0s oz,

12



Remark 5.2. Choosing t = t; = t; instead, we find

@ B 0%y 0 oy 8'73Fk 0
otz ot dx; Ot ot Toxy

Proposition 5.3. Let (M, g) be a Riemannian manifold; let Q C R™ be an open
set, and v: Q@ — M a smooth map. Then

0%y B 0%y

ot;ot;  Ot;ot;
o Oy Oy Py 0 o 9y
a6 o o, = Yaan o) 9o aeeor,

Proof. The first follows from the fact that +* is a function to R, so its mixed
derivatives commute, and F;?i is symmetric because V is torsion-free.
The second follows from the fact that V is Riemannian, and therefore

oy 0Oy ~ 0y Ov 0y =~ Oy
9 8t) IV G 81&) 9 vat)

O

We can define higher order partial derivatives in the same way. Indeed, we
define [
O’ = & O

DOt A va%_ oty

Proposition 5.4. Let (M, g) be a Riemannian manifold; let R be the curvature.
Let Q C R™ be an open set, and v: Q& — M a smooth map. Then

&y Py FR(Z, 2

Btiﬁtjatk 3tj8ti8tk B 9t Ot Oty

Proof. Follows from

VoVao-VaVa~-Va o =FfRGE 2
ot; ot; at; (a7, ¢, ¢

0

as f*R is the curvature. O

Given a curve v: I — M, a vector field along v is a section of the vector
bundle v*T'M, or in other words a smooth map

Vil—TM, V(t) S T’y(t)M-

The covariant derivative along v of V' is defined as

D,V =V,V.
ot
If V is the velocity, i.e. V = ‘Z} then
0%y
D .
tY atQ )

13



2
we will write 7/, 7" instead of %7 %-

A curve 7 is called a geodesic if
v =0.

Given a piecewise smooth curve 7: [a,b] — M, its length is given by

b
I(y) = / ! (t)] dt.

We denote by €, , the space of piecewise smooth curves v: [0,1] — M with
v(0) = p, v(1) = ¢. A Riemannian manifold is a metric space with d(p,q) =
infeq, , (7).

The exponential map at p € M is a smooth map exp,,: U — M from a radial
open set U C T, M such that () = exp,(tv) is the geodesic with v(0) = p,
7'(0) = v. Restricting U one has that exp,, is a diffeomorphism; fixing an
orthonormal basis of ey, ...,e, of T, M, one obtains local coordinates on M,
called normal coordinates. If U is a ball centered at 0, one says that expp(U ) is
a geodesic ball. On a geodesic ball, one can define a radial function r, smooth
away from p, satisfying

T2:x§+...+xi.
The level set =1 (k), which is the boundary of the closed geodesic ball of radius
k, is called a geodesic sphere.
One also considers the vector field % defined by

9 _ ) a_.
Tor = 1., —|—...+xn6$n,

this is a unit vector field, since it is the speed of a unit speed radial geodesic.
We have:

Theorem 5.5 (Gauss’ lemma). Each geodesic sphere r=1(k) is orthogonal to
E
E.

Since the gradient of r is also orthogonal to a geodesic sphere, observing

that
)

glgradr,ryr) = dr(rge) =r = g(F 7).
we see that % = gradr.
The Gauss Lemma also implies that, inside a geodesic ball, r can be identified
with distance from p.

Remark 5.6. More generally, if r is any smooth function on an open set U C M
such that |grad | = 1 one sees that level surfaces are smooth and orthogonal to
%. Such a function is called a distance function (see Section . An example
is the distance from a compact submanifold in a tubular neighbourhood.

Example 5.7. Consider the exponential map on the sphere of radius 1/vVk.
Then for unit v in T, M,

exp,, (tv) = % sin(Vk t)v 4 cos(Vk t)p.

14



If |v| = r, one obtains

sin(VEr)v 4 cos(Vkr)p.

1
exp,(v) = Tir

If w € T,,(T, M) is orthogonal to v, an explicit computation shows that

1
exp,, (v;w) = Tir sin(Vk r)w;

thus in normal coordinates

1
9=13 sin?(Vkr)gt + dr?,
. . . . L . .
where g+ is the Euclidean metric restricted to % . If we identify the punctured
geodesic ball with S™~1 x (0,p), g* = r2ggn—1. Thus, we can write the round
metric on the sphere as

1
z sin?(VE ) ggn-1 + dr. (10)

Theorem 5.8 (Hopf-Rinow). Let (M, g) be a connected Riemannian manifold.
The following are equivalent:

o (M,g) is geodesically complete, i.e. geodesics are defined on all R;
e For some p € M, exp,, is defined on all T,M;
e The Riemannian distance makes M into a complete metric space.

Remark 5.9. It follows from the proof of the Hopf-Rinow theorem that, on a
complete Riemannian manifold, every two points p, ¢ are connected by a geodesic
of length d(p,q). However, this property does not characterize complete Rie-
mannian manifolds; consider a convex set in R™.

Another useful notion is the Hessian of a function f: M — R. This is
defined as Hess f = Vdf; in local coordinates,
af 0% f af

H =V(=—da’) = de* @ do? — 17, = da* @ da".
eSSf (8$J .CE) 6$J6$k T dr kha{L’j T @ dr

where we have used
V o da't = —T%,dz".
Oxy
This makes it evident that Hess f is a symmetric tensor, as can also be deduced
from the fact that the skew-symmetric part of Vdf is d?f = 0.
Notice that since covariant derivative commutes with musical isomorphisms,
we have (Vxdf)? = Vx(df)* = Vx grad f, and therefore

Hess f(X,Y) = g(Vx grad £, Y)
The following will be useful:

Lemma 5.10. Given a geodesic v = exp, tv, we have

d2
Hess f(v,v) = @h:o(f(’Y(t))-

15



Proof. The pullback connection commutes with contractions: if « is a section
of v*T*M and X a section of v*T'M, we have

d (a(X)) —a(% 2 X).

(ﬁga)(X)Z% 2

Now let X =+ and a = df, viewed as a section of v*T*M. Then a(X) is the
function (f o)’
If 4/(0) = v, we have

Hess (4, ) = (Vodf)(0) = (¥ 5 )(X) = L hicoa(X) — (¥ 5 X)
ot ot

2
d "

2
= ot (1)~ aly) = &

)= @\t:of@(t»-

O

Example 5.11. Consider a two-dimensional M. In polar normal coordinates
the metric takes the local form dr? + p(r, 6)2d6?.
The Levi-Civita connection satisfies

29(VxY,Z) = Xg(Y, Z) + Yg(X, Z) - Zg(X.Y),

whenever X, Y, Z are coordinate vector fields. Hence, the only nonzero Christof-
fel symbols arise when at least two of the indices correspond to 6, i.e.

1 9p? 10p? 1 9p?
9 90y _ -7 9 o0y _ __“F 9 90y _ -7
Q(V%ae’ae) 2 or g(v%aeﬂar) 2 or g(v%ae’ae) 2790
Summing up
o 10p o 0 a  0pd 10p0
Vogg = sorae - V2o Y280~ Parar 0000
The curvature is then
10p 0 10%p 0
R(2 03y _ 2 _ o _ 1opoy_ 10700
(89’87‘)8T V%V%ar V%V%Br v%(par 39) p Or2 00

so that the Gaussian (or sectional) curvature is f%%.

Additionally, observe that in this case

19p 0 op
Vgradr =VZ =df @ ——-—, Hessr = p——df ® df.
graar ar ®p8r€90 essr pf)r ®

Applying Lemma [5.10, we see that, locally, a geodesic which is orthogonal
to the geodesic sphere {r = ry} lies in the exterior of the sphere if %|T:,.o <0
and in the interior if %hzro < 0.

Example 5.12. The round sphere corresponds to p = 1/vVksin(vkr) in
the notation of the previous example. Then it is clear that a geodesic orthogonal
to a geodesic ball lies in its interior if the ball is large enough to contain a
hemisphere, and lies in the exterior if the ball is contained in a hemisphere.

16



6 First and second variations of energy

Given a piecewise smooth curve v: [a,b] — M, one defines its length and energy
as

b b
= [ Em = [ s

It turns out that geodesics minimize both length and energy; however, the
energy functional has the advantage that its minimizers have constant speed.

Theorem 6.1. Local minima of E: Q, 4 — [0,+00) are smooth geodesics.

The proof relies on the first variation formula. One considers a piecewise
smooth variation, i.e. a continuous map

: (—€,¢€) X [a,b] = M;

such that for some ag = 0,...,a,, = b we have that the restrictions to each
(—¢,€) X [a;, a;+1] are smooth. Then each curve 75, = (s, -) is piecewise smooth;
we say that 7 is a variation of v = 7. The variation is proper if vs(a), vs(b)
are independent of s, i.e. if each 7, is in € 4.

Lemma 6.2. Given a piecewise smooth variation 7: (—e€,€) X [a,b] — M, we
have

U0 [ (27 ey (2T 1 (2.2,
ds 912 s g at’a =TI\ ot as ) It
2l Oy
+Z (Flcer = Gplecet olems.)
Proof. By additivity, it suffices to prove the formula for smooth 7. We compute
OB(y,) d1 v Oy 1[0 (o7 oy
9s  ds2 / (875 ) 1= 2/(1 29\ ae o )
il P07 oy
_/ (a ot m)dt_/a g(ata 73:5)‘“
Yo [oy oy b oy 9%y
_/aatg<a 8t)d_/g(6 aﬁ)dt
() 1o ()i [ (2. 2TV
as ot ) "= as ot ) =T | I\ os a2

O

Proof of Theorem[6.1 At a local minima, the first variation of energy is zero.
Choose a function A: [a,b] — R which is zero at each a = ag,...,a;, = b
and positive elsewhere, and consider the variation

Vs(t) = exp, gy V(1) V(t) = A" (D).

In Lemma we have that each term containing % |t=q,; vanishes; therefore,
at s = 0 we find

b b b
0= / oy (1), V(£))dt = — / a7 (1), (D" (1))dt = —A(t) / a7 (1), 7" (£))dt < 0;
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it follows that +”(t) = 0 where it is defined.
In order to show that 7 is smooth, consider a variation of the form

O = Figr, 0<i<m
s(t) = ex sV(t), V(a)={ 9t't=e  otli=ar
10(8) = exp ) SV, Vian) {0’ A

Since we already know that 7" = 0, Lemma gives that
(D - D D - D
- — t=a; ot t= a+7 t=a; 8t ’

SO at af ateachi=1,...,m—1. O

‘t a; |t

Proposition 6.3. Any curve v € Q(p, ¢) minimizes energy if and only if it has
constant speed and minimizes length.

Proof. We have

1 1 1 1
w:/ IW’Idt=/ wudts(/ |7’|2dt)1/2(/ at)"? = \2E(),
0 0 0 0

where we have used the Cauchy-Schwartz inequality in L2([0,1]). If o is a
constant-speed curve that minimizes [, for every v we have

Blo) = 5l(0)? < 51(2)” < B(3),

DN | =

so ¢ minimizes F.

Conversely, if ¢ minimizes F, it has constant speed by Theorem To
show it minimizes length, let v be a curve in €2, ;. Up to reparametrization, we
can assume that v also has constant speed. Therefore

o) = V2E(0) < \2E(7) = I(7). u

A curve v in Q(p, q) is a segment if |y'| is constant where defined and min-
imizes [. Theorem implies that piecewise smooth segments are smooth
geodesics: as they minimize length, they also minimize energy. I will use “seg-
ment” and “minimizing geodesic” interchangeably.

Theorem 6.4 (Synge). Let 7: (—¢,€) X [a,b] — M be a smooth variation of a
geodesic y. Then

E(ys) ’
T4 0T,

9?7 |?

Otds

b A A A
T O o
/ (R 300 75 % T 9(5 g le-

Proof. Tt is convenient to add a parameter and consider a “two-parameter vari-
ation” of «, i.e. a function

a: (=0,0) x (=06,0) x [a,b] = M, (u,s,t) — a(u,s,t),
where, writing o, s = a(u,s,-), we have agg = . Specifically, we will set

Oé(u, 57t) = 7(“ + 57t)'

18



The first variation formula gives

OB (u,s) __/b Pa o), . o day  Oa day
ds ot2’ ds ot s’ "= T g s ltEn

Taking the derivative with respect to u, we find

?Elaws) o (° (82a aa) s (804 dax 2 (8a dax

ouds v 92’ 9s ot ds 75 le=b ~ ot’ ds 95 le=e-
(11)

Assuming that (0,0, ) is a geodesic and computing at u = 0 = s, the first
term of gives

b 2
0“a Oa
_ 0 = =
ou | g(8t2’8s>dt
——/b Ola_ da dt—/b Pa Dal,
), I\ ouarz’ bs LI\ o2 ouos
b b 3
: Jda O« 0°a  Ou
_ 0 oNZ&= T _ i
- /ag<R(a"8t)8t’3s)dt /ag(&fauat’@s)dt

b Oda Oa b 0%a 0w 0%a da
_ 0 o\ Y™ b
- /a g(R(auBf)at’ as>dt+/a g(auat’atas>dt (a ot as>|

Still working at uw = 0 = s, the last two terms of give

o (804 8a)|b (8 a Ba)|b (@ fote! o =
ot’ Os dudt’ ds ot duds’'®
Taking the sum, we find

O?E (0 s) b 5 9.0a da b /820 H2a da 0«
I us) _ _ 0 0,00 00 g, LA P
Duds /ag<R(8u8t)at’as> +/a g(auat’atas) 9050 Duds

Specializing to a(u, s,t) = v(u + s,t), we obtain the statement. O
Example 6.5. Consider a surface of revolution S in R?, say
{2* +y* = f(2)}-
Then if f'(z) = 0, the curve
~[0,27] = S, ¢t (costf(z),sintf(2),z)).

is a geodesic. It is only a local minimizer of energy in Q,, ,, where p = ¢ = v(0).
Let V be the vector field along « obtained by projecting % on S, i.e.

V(t) = % + (:ostf/(,z)a%c + Sintf/(z){%
The curves in the variation
_ 1
Y(s,t) = exp,4) ssin itV(t)

are shorter or longer than v depending on the sign of f”/(z), i.e. the curvature
of the surface.

19
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As a first consequence of this formula, we find a bound on the length of
segments on manifolds with positive Ricci tensor. The first versions of this
theorem were proved by Bonnet and Synge using sectional curvature.

Theorem 6.6 (Myers 1941). Let (M, g) be a Riemannian manifold of dimension
n. Let v: [0,b] = M be a unit-speed geodesic such that

ric(y,7)>(n—1)k >0, 0<t<b.
If b > 7 /\Vk, then v is not minimizing.

Proof. Leteq,...,e, be a basis of vector fields along 7, orthonormal and parallel;
we can assume 7' = e,. For j < n, let

X, (t) = sin(mt/b)e;(t).

To each X, we can associate a variation

¥ (st) = exp. ) sX;(t).

This is a proper variation, so Theorem [6.4] gives

d _ b 2 b
%L@:OE(’V%) = / ’X]/(t)’ dt—/ Rm(Xj7’yl7Py/7Xj)dt
0 0

7.(.2

b
= [ (5 cost /) - s et ) Romes )
0
b 2
:/ (7;—2 cos?(mt /b) — sin®(wt/b) sec(e;, 7).
0

If we had a lower bound on sectional curvature, we could show that this quantity
is negative, giving that the real function s + E(5!) has a local maximum, so
that v is not energy minimizing. Since we only have a bound on Ricci curvature,
we proceed as follows.

Assume that v is not minimizing. Then by the above argument each term
d%‘US:OE(Wg) is nonnegative; taking the sum over j, we obtain

n

d s b 2 9 . 9
0< ;%E:OE(%) :/0 (n—l)(b—2 cos”(mt/b))—sin®(nt/b) Rm(e;,~', 7', e;))dt

= /0 (n— 1)(7;—2 cos? (7t /b)) — sin? (7t /b) ric(v,~'))dt

b 2
< / (n— 1)(7;)-—2 cos?(mt /b)) — sin?(wt /b)(n — 1)k)dt
0
b 2
which is absurd. O]

Example 6.7. For S™, we have that sec = 1, so we recover the known fact that
there are no minimizing geodesics of length > 7.
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Corollary 6.8. Let (M,g) be a complete Riemannian manifold of dimension
n > 2 such that
He(§,€) > (n— Dk, €€ TuM;

then M is compact with diameter < ﬂ/\/%
In addition, the universal covering of M is compact and 71 (M) is finite.

Proof. By the Hopf-Rinow theorem, every pairs of point is joined by a min-
imizing geodesic 7: [a,b] — M. Suppose v has unit speed; then it satisfies
the hypotheses of Theorem so its length cannot exceed m/ Vk. This im-
plies that the diameter is bounded by 7/ Vk. Now fix any p. By completeness,
exp,, is defined on all of T, M; by the above diameter estimate, we have that
exp,, (B7r / \/E(O)) equals M, which is therefore compact.

The universal covering M has a pullback metric §: if g: M — M is the
projection, g,(v,w) = g(dgy(v), dgy(w)). Since g is a local isometry, the Ricci
operator of g is the pullback of the Ricci operator of g, so it satisfies the same
inequality, and M must be compact.

Now observe that any fiber ¢~1(p) is both discrete (because ¢ is a covering
map) and compact (because it is closed). This implies that ¢~!(p) is finite.
Since 71 (M) acts simply transitively on the fibre, it must also be finite. O

7 Jacobi fields [7]

Consider a variation of a geodesic through geodesics 7(s,t), i.e. such that each
vs is a geodesic. By Proposition (5.4]),
>y oy oy, oy | 9%y
0= 21 _ gt T _ =R
aso2 ! (85’ ot ) ot " otosat (
Thus, if J(¢) is the vector field along -y, given by

oy oy, 0y | 0%y

55 3t 9t T oc0s

2l
J = s=0>
0s [s=0
we see that
0=J"+R(J,Y). (12)

A vector field along a geodesic satisfying is called a Jacobi field. The space
of Jacobi fields along a fixed geodesic will be denoted by 7.

Equation [12]is a second order ODE, so relative to a fixed geodesic v, with
~v(0) = p, we have a one-to-one-correspondence

T < T,M ®T,M, Jw (J(0),.J(0)). (13)

In particular, the space of Jacobi fields along -y is a real vector space of dimension
2n, where n is the dimension of M.

Given a geodesic 7, a variation through geodesics with «,(0) = v(0) can be
constructed as

T(s, 1) = exp, (£(+(0) + sw)). (14)
The associated Jacobi field satisfies J(0) = 0 and
oJ 0% 0% 0

- —_ |, 0= ——— |e=0t=0 = — |o¢— ! == .
5 li=0 s |t=0,5=0 8Sat|s_0,t_o o5 ls=0(7'(0) + sw) = w
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Notice that J is uniquely determined by the conditions J(0) = 0, J'(0) = w.
This leads to the following;:

Lemma 7.1. If v is a geodesic with v(0) = p, v'(0) = v and J is the Jacobi
field along v with J(0) =0, J'(0) = w, then

dexp,(v;w) = J(1).

Proof. Defining 7 as in , we compute

J(t) = %E:o = dexpp(t’y'(O);tw).
The statement is obtained by setting ¢t = 1. O

This result is useful per se, but also has the following consequence:

Proposition 7.2. Suppose exp,, is nonsingular at v € T, M and let ~y(t) =
exp,tv, ¢ = y(1). For every u € T,M, there is a Jacobi field along v with
J(0) =0 and J(1) = u.

Remark 7.3. The vector fields 7/ and ty' are always Jacobi fields; they are
associated to the geodesic variations

’Ys(t) :A/(t"_s)a 'YS(t) :’7((1+S)t)

We define
Jt={XeJg, gX)=0}

Proposition 7.4. For a fixed geodesic vy, we have a decomposition
J =J* @ Span {y/,ty'}.
Proof. In light of we need to show that every Jacobi field with J(0) and
J'(0) orthogonal to 7/ is in J+.
We first prove that for any X and Y in 7,
g(X")Y) — g(X,Y") = constant. (15)
This follows from

d
%(Q(X/’Y) - g(Xv Y/)) = g(XH7Y) - g(X, Y”)
= - Rm(X7 7/7fyla Y) + Rm(Ya ’y/a’y/7X) =0.

Now if X is a vector field with X (0) and X’(0) orthogonal to 7/(0), plugging
Y =+"in gives

g(X'(8), (1)) = 9(X'(0),7(0)) =0,

so g(X,v") = g(X’,7) = 0 and
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In particular, any Jacobi field can be decomposed as
Y=Y+ (h+kt)y, hkeRYtegt (16)

Given t € (a,b), we shall say that v(t) is a conjugate point of vy(a) if there is a
nonzero Jacobi field which vanishes at ¢t = a,t = b. It follows from that YV
isin J*.

Remark 7.5. In the case of constant curvature K < 0, vy(a) has no conjugate
points. If K > 0, conjugate points are exactly v(hn/vk), h € N.

Remark 7.6. If no geodesic v(t) = exp,, tv has conjugate points, then exp, is a
local diffeomorphism where it is defined.

Example 7.7. Consider a metric of constant sectional curvature k, i.e.
RX,Y)Z =k(-g(X,2)Y +g(Y,2) X).
Then the Jacobi equation reads
0=J"+R(A )W =T —kg(J4)y + k[T

Let {e;} be a parallel frame along ~y, with e,, = 7. Then a Jacobi field along ~
ort takes the form Y'e;(t), where

Y +kY'=0,i<n, Y"=0.
Therefore Jacobi fields along « take the form
J = Cr(t)A(t) + Se(t) B(t) + oy + 57,

where A, B are parallel vector fields along 7, both orthogonal to v/, «, 8 are
constants, and S, C} are solutions of

Wk =0, Sk(0) =0,8,(0) =1, Ci(0) =1,C(0) = 0.

Explicitly,
e sinVkt k>0 FcosvVkt k>0
Se(t) =<t k=0, Ci(t)=<1 k=0
ﬁsinh\/—kt k<0 coshv—kt k<0

Remark 7.8. The fact that Jacobi fields take the form of Example char-
acterizes metrics of constant curvature. Knowing what the Jacobi fields are,
we can recover the form of the metric in normal coordinates as follows. Let
v(t) = exp,tv be a geodesic. Let J be the Jacobi field along exp,tv with

J(0) = 0,J'(0) = Zaia%i' Assume J'(0) is orthogonal to v; then J(t) =
|71‘ZS’k(ﬁ|v|)ai8iggi. Thus,

2
o

i 9z ex
Pp v

1

2

=JI" = WSk(Ivl)QZa?.
In other words, in normal coordinates we have

1
T—QSk(T)ng‘ +dr?,
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where g is the Euclidean metric restricted to %L. If we identify the punctured
geodesic ball with S™~1 x (0,p), g* = 72ggn—1. Thus, we can write a constant
curvature metric as

Sk(r)2gsns + dr?,

Example 7.9. Consider a two-dimensional M. In polar normal coordinates,
the metric takes the local form dr? + p(r,0)?df?. The Levi-Civita connection
satisfies

29(VxY,Z) = Xg(Y, Z2) +Yg(X,Z) — Zg(X,Y),

whenever X, Y, Z are coordinate vector fields. Hence, the only nonzero Christof-
fel symbols arise when at least two of the indices correspond to 0, i.e.

1 9p? 10p? 1 0p?
9 9 —ZF 9 9 _ -7 9 90 -7
g(v%agaag) 2 or’ g(v%agv&) 2 or’ (v%aaaag) 2790
Summing up
g 10po 1o} g dp 0 19p 0
Vogg= saorae - V2o Y280 Parar 0000
The curvature is then
, 10p 0 10%p 0
0 9y\0 _ o _ o _ _ PN _ 2P
R(36: 5:) o V%V%ar V%V%ar v%(p()r 30) p Or2 00’
182

so that the Gaussian (or sectional) curvature is — e
Let J = a(t) Z&+b(t) % be a vector field along the geodesic y(t) = (r(t),0(t)) =
(t,00). Then

ron 9 dlogp, 0
T =d(t) + (b'(t) + b(t) = )69’
giving
"n_n 2 1 1 Ologp & log p ﬁ / dlogp 810gp£
T = a" () 5+ (0" O+ () =5 == +b() =5 5) g5+ (0 ()+b(t) — =) —5 == 55
0 Ologp 0%log p dlogp. o O
— . 1" / o
=a (t)8r+(b (t) + 20/ () B + b(t) a2 +b(t)( By ) )ao
0 10p 10%p, 0
— () " 2 (1) = 22 Y PN
a (t)ar + (b"(t) +2b (t)paT +b(t)p37’2)89
Writing R(J, ')y = —b(t)%%%, we see that J is a Jacobi field if
_ 1 / 1 2 1/ / 1@ g
0=J"+ RN =a"O7 + (¢"(0) + 220 50) 55

Summing up, Jacobi fields satisfy

1
19 _

" _ " /
@(t) =0, '(0)+2W () 50

The equation can be integrated by observing that

(b/pQ)l — 2blp/p+ b// 27
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so b’ = Kp~2. So a basis of J is given by

9 48 9 pd

oo tar a00Vae
where b(t) is any primitive of t — p~2(¢,6). Notice that 2 and b2 are not
smooth vector fields on M, but they are smooth vector field along the radial
geodesic.

Consistently with Proposition a suitable combination of t% and %
gives a Jacobi field with J(0) = 0 and arbitrary J(1); this works because the
exponential map is a diffeomorphism on the patch we are considering.

Additionally, observe that in this case

19p 0

Vgradr = V% =di® ;E%, Hessr = p%dﬁ@d@.

If we take a Jacobi field of the form
J=a + Bt +v% + b,

we see that

0
Hess r(J(t), J (1)) = p3F (7 + 6b())?,
whereas
, B 0 dlogp 0 9 dlogp, 0
o' 0).90) =g (557427550 S ol + 00 TGED) ).
and so we see that the formula of Lemma basically only holds for J = %.
Example 7.10. If we set p(r,0) = sinr in Example we find b = —ﬁ,

and the Jacobi field % vanishes at t = . Thus, we cannot realize % €TymyM
as J(1) for a Jacobi field with J(0) = 0.
Notice that this is the metric on the round sphere.

Another use of Jacobi fields arises as follows.

Lemma 7.11. Suppose that exp,,: B(0,p) = M is a diffeomorphism onto its
image and let r be the function

r(z) = d(z,p).

Take a unit speed geodesic -y = exp,, tv and a Jacobi field J along v with

J(0) =0, g('(0),7/(0)) = f]
Then
Hessr(J(t), J(t)) = g(J'(t), J(t)), t<p.
In addition, we have Hessr(vy'(t), X) =0 for all X.

IThe hypothesis g(J’(0),~7'0) appears to be missing in the third edition of [7], but it is
clearly necessary. Consider J = ¢y’ as a counterexample. The second edition contains other
problems in this passage.
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Proof. Since J(0) = 0, if J'(0) = 0 the Jacobi field is null and there is nothing
to prove. Otherwise, we can rescale J so that J’(0) has unit norm.

Let & be a unit speed geodesic variation with Jacobi field J. We cannot use
to construct 7, because we need 4 (0) to have norm one. Therefore, we put
¥(s,t) = exp, (t((cos s)v 4 (sin s).J'(0)).

Since every s is a geodesic, by Gauss’ lemma we have that (gradr), ) = 74(t);
oy

thus, as a section of ¥*T'M, gradr coincides with ZI. We can write

Hessr(J(t), J(t)) = g (V) gradr, J(t)) = g ((v*V)({i g, J(t))

— 0 (G0 30)) =3 (gl J)) = 070,00,

For the second claim, we similarly compute
P
Hess (v, X) = g(V o gradr, X) = g(7°V) 9 =1, X) = 0. O
or ¢ Ot
Remark 7.12. By Proposition 7.2} in a geodesic ball exp,(B,(0)) every tangent
vector u can be written as J(1) where J is a Jacobi field along a geodesic
exp, tv with J(0) = 0. In addition, by Propositio we can assume that J'(0)

is orthogonal to v if u is orthogonal to the radial direction. Thus, Lemma
determines the Hessian of r completely.

Example 7.13. On the unit sphere, let p = (0,0,1) be the north pole, and
q = (sinp, 0, cos p) a point in the boundary of a geodesic ball B,(p). Then

T,8* = Span {v,w}, v = (cosp,0,—sinp),w = (0,1,0);
using Lemma [7.11] we know that
Hessr(v,v) = 0 = Hess (v, w),

and we can compute Hess(w,w) by considering a unit geodesic «y from p to ¢
and a Jacobi field J with J(0) =0 and J(p) a multiple of (0, 1,0), namely

J(t) = sint(0,1,0).

This gives
Hess7(J(p), J(p)) = g(J'(p), J(p)) = cos psinp
ie.
Hess(w,w) = —5—cospsinp = C?Sp.
sin” p sin p

In particular, it is positive when p < 7/2, and negative when 7/2 < pw. By
Lemma Hess(w, w) is the second derivative of r along a geodesic orthogonal
to the geodesic ball B,(p). By the Gauss Lemma, 4/(0) is orthogonal to gradr,
so the Hessian computation implies that 0 is a local maximum of r along ~(t)
when p > 7/2, and a local minimum when p < 7/2. In fact one can write
explicitly v as

~(t) = (cost)(sin p, 0, cos p) + (sint)(0,1,0) = (costsin p, sint, cost cos p),

and it is clear that it lies in the interior, the exterior or the boundary of the
geodesic ball B,(p) according to whether p > 7/2, p=7/2 or p < 7/2.
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Example 7.14. In the hyperbolic plane, one obtains a similar computation, ex-
cept sint and cost are replaced by their hyperbolic counterparts, and g(J, J') >
0. This is consistent with the fact that the orthogonal geodesic lies on the
exterior of the geodesic ball, as one can see by choosing p = 0 in the disc model.

8 The Ambrose-Cartan-Hicks theorem [4]

Given Riemannian manifolds (M, g),ﬁ(ﬂ, g), two points p € M, p € M, and a

linear isometry I: T, (0)M — T5)yM, any geodesic vy starting at p induces a
geodesic 7 in M starting at p by the diagram

T,M —~ T5M
- l l T(t) = expy (t1(7'(0)).
0,0 — > M M
In addition, it induces a one-parameter family of linear isometries
I Ty ()M — Tyy M

by composing I with parallel transport along v and 7. If {e1,...,e,} is an
orthonormal frame at p, extended to parallel vector fields e (¢),...,e,(t) along
v, and €1(0) = I(e1),...,€n = I(ey), with €1(¢),...,€,(t) similarly defined by
parallel translation, then I; maps e;(t) into €;(¢). Notice that I, o D; = D;oI],
because for any vector field Y along ~,

Y'(t) = (Y (teilt), Y (1) = (Y (t)ei(t).

We will write I; instead of I} for brevity when ~ is understood.

Notice that this construction carries geodesics to geodesics on possibly un-
related Riemannian manifolds. However, we will see that when curvature is
preserved, this determines an isometry.

Lemma 8.1. Let and let I: T,M — Tgﬁ be a linear isotropy at a point. Sup-
pose that B.(p) and B,(P) are geodesic balls, and consider the diffeomorphism

¢: B(p) = Br(p), ¢lexp,(v)) = expy(I(v)).

Suppose that for any geodesic (t) = exp,, tv, we have

Li(R(v,w)u) = R(It(v), It (w)) It (u).
Then ¢ is an isometry and do ) = I;.

Proof. Let ~y be the geodesic from p to a point ¢ contained in B, 7(p) and let J be
a Jacobi field along « such that J(0) = 0. Define J along 7 by J(t) = I (J(t)).
Then J is a Jacobi field, and |J(t)| = | J(t)|. We claim that

J(1) = doy(J(1)). (17)

This will prove the statement, because for any u € T, M there exists a Jacobi

field J with J(0) = 0 and J(1) = u, and by construction d¢4(u) = J(1) has the
same norm as J(1) = u, i.e. d¢, = I is a linear isometry.
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To prove , observe that

dexp,(v/(0): 7'(0) = J(1),  dexpy(7'(0);7'(0)) = T(1).
The claim follows applying the chain rule to the diagram

T,M > B,(0) —— B,(0) C TyM

lexpp lexpp

B.(p) ——— B,(p)
O

We will need to consider broken geodesics, i.e. piecewise smooth curves in
some {2, , obtained by concatenating geodesics.

Given a broken geodesic v in M from p to ¢, and a linear isometry I: T,M —
T;M, we can define a broken geodesic ¥ and a one-parameter family of linear
isometries I} : To,y M — Ty M with the property that on each interval [a, b]
where «y is smooth, 7|44 and I|(, 3 are induced from 7|(, ;) in the sense above.

Recall that the injectivity radius at p, denoted by inj,, is the largest r such
that exp,: B.(0) — M is a diffeomorphism onto its image, i.e. B.(p) is a
geodesic ball. The injectivity radius of M is

i M = inf ini
inj plEanJp

It turns out that the injectivity radius is continuous, but we will only need a
weaker property, namely that the injectivity radius is positively bounded below
on any compact set K C M; equivalently, every point of M has a neighbourhood
U such that there exists an € for which B.(p) is a geodesic ball for all p € U.
This follows from considering the map

TM — M x M, (p;v)— (exp,(v),p),
which is an embedding when restricted to a neighbourhood of the zero section.

Example 8.2. Consider a surface of revolution in R? of the form
2® +y? = f(2).

It is complete because it is closed in R3: any Cauchy sequence for the Rieman-
nian distance is also a Cauchy sequence for the Euclidean distance, hence it
converges. Notice that each critical value r of f determines a periodic geodesic
of length 27r. If the critical values of f converge to zero, the injectivity radius
is zero.

Theorem 8.3 (Ambrose-Cartan-Hicks). Let M, M be complete Riemannian
manifolds, with M simply connected, and I1: T,M — TzM a linear isometry.
Suppose that for all broken geodesics v in M, the induced one-parameter family
of linear isometries I; satisfies

Ii(R(v, w)u) = R(Ii(v), Ii(w)) It (w).

Then for all broken geodesics o, in §y, 4 the induced broken geodesics satisfy
a(l) = 7(1), and the map ®: M — M defined by v(1) — 7F(1) is a local
isometry.
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Proof. Let o, € £,  be broken geodesics. We need to show that @(0) = 7(1).

The proof is in three steps. First, assume that «,,@,7 are contained in
geodesic balls B,(p), B,(p). Notice that «,~ are broken geodesics, so they
need not coincide. However, by the lemma, the map ¢ is an isometry; hence,
a=¢oa, ¥ = ¢o-, so their terminal points are the same, and the claim is
proved in this case. Notice also that I] = d¢ = I{.

Now, choose points 0 =ty < ... < t, = 1 such that v and « are segments in
[ti, ti+1] and assume that for each i, some geodesic ball centered at (¢;) contains
the points a(t;12), a(titr1), v(t;x1) and the segments that connect each pair of
these points; we also assume that the same holds replacing a, vy with @, 7.

For each k = 1,...,n, let 75: [tk—1,tx] — M be the segment from ~(tx—1)
to a(t), and let

) 0<t<th
Pilt) = {Tk(t) thor <t <t

By induction on k, we show that 3, (t;) = @(tx) and that
Ik =17

Since 3,, = v, this will give @(1) = 7(1).

For k=1, 1 = 7 is a segment in a geodesic ball around p, going from p to
a(t1). However, aj ) is also a segment, so they coincide and there is nothing
to prove.

If the claim holds for k, observe that the curves

Te(t) tr—1 <t <ty (L tp—1 <t <ty
o) = 7Y Coty=17"
a(t)  tp <t <tpp Tha1(t) e <t <tpp

are broken geodesics contained in a geodesic ball, as they are obtained by join-
ing the four points v(tr—1), a(tx), a(tk+1), ¥(tx) by segments. Considering
the linear isometry I;;_l: TyitryM — T5@,_, )M, we have induced broken
geodesics 0, &, which satisfy the same conditions. Thus, by the first step

O(tis1) = T(te41). Adjoining the geodesic v, ], we see that B (trs1) =

tp—1

G(tps1) = 6(tpr1) = @(tpy1), proving the induction step.

Finally, let v and « be arbitrary, with (1) = «(1). Since M is simply
connected, there is a homotopy h: I x I — M from v = hy to a = hy with
h(s,0) = p, h(s,1) = q. Let r be the minimum injectivity radius at points in
the image of h. We can subdivide the interval I in 0 =t < --- < t, = 1 and
0=s59<--- < 8y, =11insuch a way that v and « are segments in the intervals
[ti,tit1], and the diameter of each rectangle h([s;j, sj41] X [ti, ti+1]) is less than
r/4. This implies that the geodesic ball of radius r around h(s;,t;) contains
h(sj,tix1), h(sj+1,ti+2) and h(sjt1,ti42) as well as the segments that join any
two of them (because they have length < r/2). This property is preserved if the
partitions {t;} and {s;} are refined.

Now define broken geodesics v; by adjoining segments from h(s;,t;) to
h(sj,ti41) for all i. By construction, 79 = v and @ = 7. In addition, for
each j we have a broken geodesic 7; from h(s;,0) = p.

We can arrange for a geodesic ball of radius 7 around 7; (sj,t;) to contain
¥ (tiv1), Fj41(tiv1), Tjp1(tip2) as well as the segments that join any two of
them.
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This is because having fixed the partition {¢;}, the length of the broken
geodesics 7; is bounded; thus, the geodesics 7, lie in some compact subset of M,
where the injectivity radius can be assumed to be > 7. Since the correspondence
Y — 7 is continuous, we can refine the {s;} so that d(7,;(t),7,;,,(t)) < 7/4.
Adding further breakpoints {t;}, we can assume that d(7;(t;),7;(t; +1)) <7/4.

Thus, each pair ;, 7,41 satisfies the second step, and 7;(1) =7, (1). This
gives (1) = @(1).

Now let ¢ be arbitrary, and let v be a geodesic from p to g; let 7 be the
induced geodesic, with § =7(1). By the lemma, the map

¢ = expg ol o equ_1

is an isometry from a geodesic ball B,.(q) to B,(g). However, for any x € B,.(q),
we can obtain ®(x) by considering a broken geodesic from p to ¢, then ¢ to z,
and this shows that ®[p () = ¢. So it is an isometry. O

Lemma 8.4. Let f: M — M be a local isometry, where M is complete and M
connected. Then f is a covering map.

Proof. As f is a local isometry, geodesics of M lift to geodesics of M, and
conversely, geodesics of M project to geodesics of M. In particular, geodesics
through f(z) € M are defined for all R, so M is complete.

To see that f is surjective, pick T € M and y € M, and choose a geodesic
v joining f(z) to y. Then ~v lifts to a geodesic 4 from Z to some g, where
necessarily f(g) = y.

To see that f is a covering map, let V' = B.(z) be a geodesic ball in M,
meaning that it is the diffeomorfic image of B.(0) = T, M under exp,. Let
T, denote the preimages of x. For every «, let U, denote the metric ball of
center x,, and radius e. The U, are pairwise disjoint: any minimizing geodesic
connecting Z, a Zg projects down to a geodesic v loop based at x. Since V/
does not contain geodesic loops, v must leave and reenter V, so it has length
> 2¢. Thus, the distance between the centers of the metric balls U, is at least
2¢, which forces the U, to be disjoint.

Tt is clear that f(U,) C V, as f maps geodesics to geodesics. In addition,
f: U, — Visinvertible: given y € V', the geodesic from x to y lifts to a geodesic
of length < e which is contained in U, ; its terminal point is the unique preimage
of y in U,,.

The fact that f|y, : Uy, — V is a diffeomorphism now follows from the fact
that it is a local isometry, hence a local diffeomorphism. O

Theorem 8.5. If M is a connected, complete Riemannian manifold of constant
curvature k, then the universal covering of M with the pullback metric is one of

Sm k>0
vk
R™ k=0
H", k<0
Ne

Proof. Let Ni be one of the model spaces appearing in the statement; each
is a complete, simply connected manifold of constant curvature k. Fixing a
point p € Nj and a point p € M, and any isometry I: T, N, — Tz M, we can
construct a local isometry ® as in Theorem Then & is a covering map by
Lemma B4 O
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9 Manifolds of negative sectional curvature

Theorem 9.1 (Cartan-Hadamard). If (M, g) is complete with sec < 0 at every
point, then exp,: T,M — M is a covering map. In particular, the universal
covering of M is diffeomorphic to R™.

Proof. We claim that geodesics do not have conjugate points. By Lemma [7.1],
this implies that d exp,, is invertible at each point. Thus, the map exp,,: T,M —
M is a local diffeomorphism. We can pull back the metric of M to T,,M so that
exp,, becomes an isometry. Since straight lines through 0 in 7}, M are geodesics
for the pullback metric, they are defined for all time. Hence, T),M is complete
by the Hopf-Rinow theorem. Then Lemma implies that exp,, is a covering
map.

To see that there are no conjugate points, suppose that J is a Jacobi field
along a geodesic, J(0) =0, J'(0) # 0. Then

1d

9 dt |J|2 :g(leJ)

Since sec < 0, we have

GO =g D)+ = —g(RUA Y T+ = T

Therefore
b b
o) = g0, I O) + [ |7 Pae= [ (7P,
0 0
where we have used J'(0) # 0. Thus,
1 2
3 |[J(®)|” > 0,t >0,

so there can be no conjugate points. O

Denote as usual by r the distance function from a fixed point p. Since r is
not smooth at p, we will consider the modified distance function
1, 1 2
=-r'=2d y') s
we will occasionally write f instead of f, when the reference point p is under-
stood. We have

Vdf = Vrdr =dr @ dr + rVdr = dr @ dr + r Hessr,

and we know how to compute Hessr thanks to Lemma [5.10

For general Riemannian manifolds, f becomes nonsmooth at points where
radial geodesics cease to be minimizing ([7, Corollary 5.7.11]). However, if
exp,: T, M — M is a diffeomorphism as in the Cartan-Hadamard theorem, then
r is the distance from zero in normal coordinates, so f is smooth everywhere.

Lemma 9.2. If (M, g) is simply connected, complete and with sec <0, then f
is proper and strictly convex along geodesics.
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Proof. Properness is a consequence of the Cartan-Hadamard theorem: the preim-
age of [0,72] is the closed geodesic ball B,.(p).

Given a geodesic v, we must show that f o~ is convex. By Lemma [5.10
it suffices to show that Hess f is positive definite, or equivalently that Hessr is
positive definite on %L

Let ¢ = exp,(tv) be any point on the unit geodesic vy(t) = exp,tv, and
u € TyM be orthogonal to %. Since exp,, is a diffeomorphism, there exists a

Jacobi field J such that J(0) =0 and J(t) = u. By Lemma we have
Hessr(u,u) = g(J'(1),J(1)) > 0,

where the last inequality is obtained as in the proof of the Cartan-Hadamard
theorem. ]

Theorem 9.3 (Cartan). If (M, g) is simply connected, complete with sec < 0,
then any isometry with finite order has a fixed point.

Proof. Let F': M — M be an isometry of finite order. Take any p € M and let
{p,F(p),...,F*(p)} be its orbit.

Let f be the modified distance function from p. We know that f is proper
and strictly convex along geodesics. The same applies to f o F? for any 4, since
f o F'is the modified distance from F~¢(p). It follows that the function

9(q) = max{f(q), f(F(q)),..., [(F"(q))}.

is also proper and strictly convex along geodesics (though not smooth). Since g
is nonnegative and proper, the completeness of M implies that g has a minimum
at some q.

By construction, g(gq) is the maximum of f restricted to the orbit of F', so
it is invariant under F. Therefore, g has a minimum at F(q).

If ¢ and F(q) were distinct, the geodesic from ¢ to F(¢q) would contain two
minima, which is absurd. It follows that ¢ is a fixed point for F. O

Corollary 9.4. If (M, g) is complete with sec < 0, then the fundamental group
is torsion free.

Proof. We need to show that 7y (M) contains no nontrivial element of finite
order.

Consider the universal covering M with the pullback metric. Then (M)
acts on M, freely and by isometries. If F € m(M) is an element of finite
order, then Theorem [0.3] implies that F' has a fixed point. Therefore, F is the
identity. O

Up to here, we have used the fact that Hess f is positive if sec < 0. In
Euclidean space, we have

1

fo==(xi+.. 4+22), Hess fo = V(v1dr+ande,) = doi@de,+. . Adz,@dz, = g.

2

With the assumption sec < 0, this becomes an inequality. We will state this
locally, so we need to restrict f, so that it is smooth.
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Lemma 9.5. Let U be a geodesic ball around p. If sec < 0, then Hess f, > g
on U, i.e. Hess fp(v,v) > g(v,v). If sec <0, then Hess f,(v,v) > g(v,v) unless
v 1S in Span{%}.

Proof. We know that Hess f, = r Hessr + dr ® dr, where Hessr is zero on %.

Therefore, we only need to show
Hess f,(v,v) = rHessr(v,v) > g(v,v), v€ %L

Let J be a Jacobi field along a unit-speed radial geodesic so that J(0) = 0,
J(tp) = v. Then by Lemma we have

Hess r(J(t), J(t)) = g(J'(t), J(t));
thus, we must show that
tg(J' (1), J () = |J(@)).

In other words, we must show that A(t) < ¢, where

RO
MO = S0, 10y

As t — 0, we have |J(t)]> = o(t), as it vanishes at zero with its derivative,
whereas

(I (1), T (1)) ~ t(9(J'(0), J'(0)) = R(J(0),7/(0))7'(0)) ~ |.I'(0)*¢

therefore A extends continuously setting A(0) = 0. In addition

v 2R = TP = RO T) 20 )2 = )P LT
g(J'(®), 1(1))? T (0. T(0)?
29(J', ) —g(J'. I _
=T grmanr "

where we have used sec < 0 and the Cauchy-Schwartz inequality. Hence, A(t) <
t as claimed.

If sec < 0, then A < 1, A(t) <t as soon as ¢ > 0 and we obtain a strict in-
equality. Notice that this only applies if v, hence J’(0) has a nonzero component
orthogonal to %. O

Recall that three geodesics 7q, Vb, Ve form a geodesic triangle in M if there
are three points each pair of which is connected by one of the geodesics, say

Ya: [0,a] = M, ~:[0,0] > M, ~.:[0,c] = M;
we can assume that the geodesic are unit speed and
Ya (CL) = ’Yb(o)a ’Yb(b) = ’Yc(o)a F)/C(C) = 7(1(0)-

We can then define the length of each side of the triangle as a = I(7,), b = (),
¢ =1(v), and the (internal) angles by

cosa = g(—,(0),7.(0)), 0<a<m,

with 3, v defined similarly.
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Proposition 9.6. Let M be complete with sec < 0. Pick a geodesic triangle
with sides lengths a, b, c, and let o be the angle opposite a. Then

a? > b% + 2 — 2bccos a.

If sec < 0, then strict inequality holds unless the triangle is degenerate, i.e. a
single geodesic contains all sides.

Proof. Up to taking the universal cover M, we can assume that exp,: Tp,M —
M is a diffeomorphism for p = 7,(0).

We have
& 0el®) = r(Z,7A0),
2
o oelt) = Hess £y (540, 7(0) = ) =1,
Foie®) 2 Fy el0)) +1 oy e (8)) + 517 = Fy(16(0) + Blg (e 7L0)) + 5%

for t = ¢ we get

1 1 1 1
5(12 = id(p’ ")/C(C))Q Z 562 — bccos a + 562.

If sec < 0, we can assume that strict inequality holds, except if .(0) is

linearly dependent on % = 7, (b), which corresponds to degenerate triangles. [

Remark 9.7. In the Euclidean plane, equality holds in Proposition Indeed,
consider a triangle with vertices (0,0), (bcos,bsina), (¢,0). Then

d((beos a, bsin ), (c,0)) = b* + ¢ — 2bccos .

Corollary 9.8. Let M be complete with sec < 0. Then the sum of the angles
of a nondegenerate geodesic triangle is < .

Proof. Let a,b,c be the edge lengths and «, 3, the angles. Consider a Eu-
clidean triangle with the same edge lengths, and call its angles o', 8’,7’. Then

b2 + 2 — 2bccosa < a? = b + ¢? — 2bccos o,
so cosa > cosa’, i.e. a < . Repeating for 3,~ we find
a+B+y<d +p +4 =m.
O

The analogous statement for quadrilaterals (which follows immediately by
splitting a quadrilateral along the diagonal) is instrumental in the proof of the
following:

Theorem 9.9 (Preissmann). If M is compact and sec < 0, then any Abelian
subgroup of w1 (M) is cyclic. In particular, no compact product M x N admits
a metric with sec < 0.
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We first point out that the second part of the stament follows from the first:
compact implies complete, so the universal covering of a compact manifold with
negative curvature is R", which implies that both M and N have nontrivial
fundamental group. Taking the product of any cyclic group in m (M) and any
cyclic group in 71 (N) we obtain an abelian subgroup of m (M x N) which is
not cyclic.

For the proof, we will need some facts and definitions which apply beyond the
context of negative curvature. An azis for an isometry I is a geodesic v: R — M
such that F o+ is a reparametrization of v. Since F o+ is again a geodesic with
the same speed, we get F'(y(t)) = v(xt+a). If F(y(t)) = v(—t+a), then F fixes
the point v(a/2). If F(vy(t)) = v(t + a) we say that the axis has period a. The
period depends on the parametrization. Notice that in the context of simply
connected manifolds with negative sectional curvature, geodesics are injective
maps, so the period is uniquely determined.

Example 9.10. A rotation of S? around the line Span {v} has a single axis,
which is the geodesic orthogonal to Span {v}. The period is the angle of rotation,
or any multiple.

Example 9.11. Consider the hyperbolic half-plane H with the metric 12 (da?+
dy?). Then the map

F(a,y) = (22, 2y)
is an isometry, since it maps the orthonormal frame {ya%,ya%} to itself. The
half-line ¢ — (0, e?) is a geodesic, since

to _ ot 2(_—t D to _
Dtea e'V §8y+eay e (e "5,) +e5, =0.

It is also an axis.
Notice that on the quotient H/(F'), the axis is mapped into a periodic
geodesic.

For a fixed isometry F, we define the function
x = op(x) =d(x, F(x)).

Lemma 9.12. Let M be complete and F': M — M be an isometry. If 0r has
a positive minimum, then F' has an axis.

Proof. Let 6F have a mimimum at p and let v: [0,1] = M be a segment from
p to F(p).
For ¢ € [0, 1], we have

3r(p) < 0r(v(t) = d(y(8), F((1)) < d(v(t),7(1)) +d(»(1)
= d(v(t),7(1)) + d(2(0),7(t)) = d(W(O) (1))

Thus equality holds, and this means that we can obtain a segment from y(t)
to F(v(t)) by joining the segment [f 1] to F' o 7|4 (the extension is smooth
because it minimizes length and due to Theorem. Thus, Fov is an extension
of v, i.e. F(v(t)) = v(t + 1). By repeating the argument, this holds for any
t. O

!
=
=2

~
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Lemma 9.13. Let M be compact and M the universal cover. If F is a nontrivial
deck transformation, then g has a minimum, bounded below by 2inj(M). The
image in M of the corresponding axis has minimal length in its free homotopy
class of loops in M.

Proof. Since M is compact, it is complete, and so is M.

Let 7: M — M be the projection and fix Z € M, n(&) = 2. We have a one-
to-one correspondence between (M, x) and 7~ !(z): a loop a is mapped to
the terminal point of its lifting & starting at . In particular, any curve from &
to F(&) covers a (homotopically) nontrivial loop. In particular, any such curve
has length at least 2inj, (M), since it covers a loop based at x, and any loop
that stays inside a geodesic ball is trivial. This shows that dp(Z) > 2inj, (M).

We must show that 67 has a minimum. Consider a sequence {g;} in M such
that dp(¢;) — infdp. For each §;, the segment from §; to F(g;) projects to a
geodesic loop based at g; = 7(§;) of length dr(g;). Let this loop be

0,1] >t — exp,, tvi,

so that 0p(g;) = |vi|- By compactness of M, we can extract a subsequence
of {g;} such that ¢; — ¢, v; = v € T;M. Then ¢; = exp,, v; converges to
q = exp, v, L.e. T — exp,tv is a loop. Let U be a trivializing neighbourhood
of ¢ for the covering, and choose i large enough so that ¢; € U. Then if ¢; is
in some connected component U of 7~ 1(U), the terminal point of the geodesic

that covers exp,, tv is in the component F (U). In the limit, we see that the

geodesic that covers exp, tv also ends inside F' (U), so its terminal point is F(q).
Since its length is |v| = inf 0, this shows that Jr has a minimum.

Now let 7/ be a loop in the same free homotopy class as the geodesic loop
7v(t) = exp, tv. This means that we have a (continuous) variation s of v, with
~v1 =7/, and where each -y, is a loop. By the above argument, lifting each vy, to
M we obtain a curve from some p, to F (ps). Therefore the length of each ~; is
greater than or equal to min ér, which is the length of ~. O

Remark 9.14. It follows from the lemma that on a compact manifold M, every
element of w1 (M) is represented by a geodesic loop.

Proof of Preissmann’s theorem. We can identify 71 (M) with the group of deck
transformations of the universal cover M — M. Note that there is at least one
nontrivial deck transformation F', because M is compact and M is diffeomorphic
to R™.

We claim that F has a unique axis (up to reparametrization). Notice that
since F' has no fixed points, axes are of the form F(v(t)) = v(t + a).

By Lemma F has an axis y. Suppose that it also has an axis 4'. Then if
~ and +/ intersect at p, they also intersect at F'(p) # p; since they are geodesics
and exp,,: TpM — M is a diffeomorphism, they coincide.

If v and 4/ do not intersect, pick p; = (0) and p; = +/(0). Then join p; to
p2 by a segment 0. We have that F(p;) and F(p2) are joined by the segment
F o~. Now consider that the angle between 4/(0) and ¢’(0) is the same as the
angle between (F o)’ (0) and (F o ¢)’(0). Thus, the sum of the angles of the
quadrilateral with edges v,7',0 and F(o) is 2w. Since sec < 0, this is absurd

by Corollary
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Thus, the axis for F' is unique; up to reparametrization of -, we can suppose
it has period 1, i.e. F(y(t)) =~(t+1).

Let H be an abelian group of deck transformations containing F'; we must
show that H is cyclic. For any G in H, we have that G o« is also an axis for
F, as

(Goy)(t+1)=(GoFon)(t)=(FoGo~)(t).

This implies that G o~y is a reparametrization of =, by uniqueness. Thus, = is
an axis for every deck transformation G in H.

We have a map H — R which associates to each F' its period. This is a
homomorphism: if F; has period a; and F5 has period as, then I} F; has period
aj + ag, as

FiFyy(t) = Fi(y(t + a2)) = y(t + a1 + az).

An element of H with period 0 fixes the whole geodesic, and so it is the identity,
because H is a group of deck transformations. The image of H is discrete,
since by Lemma every isometry G with axis 7 satisfies dg(x) > 2inj(M).
Therefore, H is cyclic. O

Remark 9.15. If (M, g), (M,g) are Riemannian manifolds, then the curvature
of the product metric g + § on M x M is determined as follows. Write

g9 = gida'da’,  § = gi;di'di’;

then a computation wi‘gh the Koszul formula shows that the Levi-Civita con-
nection on M = M x M is determined by the Christoffel symbols I‘i—“j and Ffj
of g and § by

v

o _ 1k _0 iV o _ 1k _d < o _n_vo )
6wj_rij0wk’ vt?aaz«j—rijafckv Vo afcj—o—vQ
ox; oz i oz

9
ox i
Thus, the only nonzero components in the curvature tensors are

YRl o o o o] o) YRl o 0 _ pr 0o o
R(507 907 50r = Blaz 507 oo Blas 557) aar = Basr 537 9ar

Q

with obvious notation. Thus, R = R + R in the obvious sense. Taking traces,
we se that the Ricci tensors similarly satisfy

Tic = ric +ric.
In particular, the product of two manifolds with negative Ricci also has negative
Ricci. This should be contrasted with Preissmann’s theorem.
10 Klingenberg’s lemma and the cut locus

In this section we introduce the cut locus for an arbitrary complete Riemannian
manifold. No assumptions will be made on the curvature. We will partly follow
[], to work around a couple of problems in the presentation of [7].

On a complete manifold, having fixed a point p, every point is reached by
some segment starting at p. Define the segment domain as the set

seg(p) ={v € T,M | [0,1] 5t — exptv is a segment},
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or equivalently
seg(p) = {v | r(exp,(v)) = [v]}.

The map exp,,: seg(p) — M is surjective, but generally not injective.

Tt is easy to see that seg(p) is star shaped; its intersection with a line through
the origin is an interval, whose extrema are called cut points. In other words,
exp(v) is the cut point of the geodesic t — exp,(tv) if the geodesic exp, tv is
minimizing up to ¢ = 1 but not after ¢. The set of all cut points is called the
cut locus.

Remark 10.1. If M has finite diameter, e.g. if M is compact, then every geodesic
has a cut point. Otherwise, a geodesic may be minimizing up to +oo.

Lemma 10.2. A geodesic v has a cut point if and only if there exists a value
of t for which either

1. ~(t) is conjugate to v(0) along v; or
2. there is another segment o # v from v(0) to v(t).
The cut point is y(to), where ty is the minimal t for which (1) or (2) hold.

Proof. Write (t) = exp,tv. Suppose that ~v(tg) = exp, tov s a cut point;
we must prove that (1) or (2) hold. Suppose that v(¢y) is not a conjugate
point; then #gv is a regular point for exp,: T, M — M. Consider the sequence
vnp, = (to + 1/n)v, which lies outside the segment domain; for each vy, choose
wy, in the segment domain such that exp,(w,) = exp,(v,). Up to extracting a
subsequence, we can assume w, — w. Then by continuity exp,(tov) = exp,(w).
Now since tyo is a regular point, exp,, is injective around v, so if we had tgv = w
then w,, = v, for large n, which is absurd. Thus, we have obtained an element
w # tov such that exp,(tov) = exp,(w). Since the segment domain is closed, w
is in the segment domain. Thus, |tyv| = |w| and (2) holds.

To prove minimality of t, suppose that t; < to satisfies (1) or (2). If
(2) holds, we can construct a segment from ~(0) to expv by adjoining o to
Ylit, ,0]; since segments are smooth geodesics, this has to coincide with ~, which
is absurd. If (1) holds, we can show that v is not a segment by constructing
a variation 7,: [0,t9] — M as follows. Let J be a nonzero Jacobi field on
[0,¢1] with J(0) = 0, J(t1) = 0; we extend J to a piecewise smooth vector
field by declaring it to be zero after ¢;. Let Y be a parallel vector field along
v such that Y(¢;) = —J'(t1). Let ¢: [0,t)] — R be a smooth function that
vanishes at the boundary and is identically 1 in a neighbourhood of ¢;, and
let X = J + e¢Y. Consider the proper variation vs; = exp. ) sXc(t); then
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0vs
0s

s=0 = X and 8825}* = 0. Then Synge’s formula gives

82

D52 ls=0E(7s)
o 62,}/8 ? o a’}/s a’}/ a'y 8’75 6275 67 to
_/0 5ot dt_/o R(5 5 T 3 a5 4+ 955 3 lo
Pvs,, O Iy
+g( 052 ( 1)7E‘t=tf - ah:t;)

to to
=[x [ Ry X
0 0

11 t1 t1
= [P r2eg(r 6t [ Rl o Dydt=2e [ R 6 i
0 0 0
t1

t1 tl
:/ (—g(J”,J)—Rm(J,V’,V',J))dt—i—Qe/ g(J',(b’Y))dt—i—Qe/ g(J", oY )dt+o(e)
0 0 0
= 2eg(J', Y)Y + o(e) = —2¢|J'(t1)[* + o(e),

which is negative for small € > 0. This shows that v does not minimize energy,
hence it is not a segment.

Thus, if a cut point y(tg) exists, then g is the minimal ¢ for which (1) or (2)
hold. Conversely, if there is some ¢t = ¢y satisfying (1) or (2) then, arguing as
above, 7 is not minimizing after that value of ¢, so a cut point must exist. [

Example 10.3. For the round sphere, having fixed p, the cut locus is {—p},
which satisfies both condition 1 and 2 in Lemma, [10.2]

Example 10.4. For the flat torus, the cut locus is a rectangle. In this case
there are no conjugate points, so each cut point satisfies only condition 2.

Since the conditions of Lemma[I0.2] are symmetric between the points 0 and
to, we obtain:

Proposition 10.5. If v(ty) is a cut point of v, then v(0) is a cut point of
t s y(to —t).

Proposition 10.6. The function

to exp,, tv has a cut point at to

F:{veT,M||v| =1} - RyU{+x}, F(v)= ,
+o0  otherwise

s continuous.

Proof. Let {v,} be a sequence in T, M, |v,| = 1, with limit v, and let F'(v,) = t,,
where possibly t¢,, = +00. We must show that ¢,, converges to F'(v), and we will
do so by showing

limsupt, < F(v) < liminft,.

For every € > 0, we have a subsequence t,, such that t,, >t = limsupt, —e.
This implies that the points tv,, are in the segment domain, and so is the limit
tv,,; therefore, F'(v) > ¢, and since € is arbitrary, F(v) > limsupt,.

It remains to show that F(v) < liminf¢,.
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If lim inf ¢,, = 400, there is nothing to prove. Otherwise up to a subsequence
we may assume that the {¢,,} are finite and they converge to ¢ = liminf ¢,. If,
up to taking a further subsequence, the t,v, are conjugate points, then dexp,
is singular at t,v, — tv, so F(v) <t and we are done.

Otherwise, we can assume that each exp, ¢,v, is joined to 0 by another
segment, i.e. there is t,w, # t,v, in the segment domain with expp(tnwn) =
exp, (tnv,). Up to a subsequence, t,w, converges to tw, with |w| = 1. If fv
is a critical point for exp,, then exp,(fv) is in the cut locus, and F'(v) < .
Otherwise, exp,, is injective around v, so we cannot have v = w, for otherwise
wy, = v, eventually. This shows that there are two segments joining p to tv, so
again F(v) <t. O

Corollary 10.7. The injectivity radius at p is the minimal distance from p to
its cut locus. In particular, if the injectivity radius at p is finite, then there is a
cut point of minimal distance to p.

Proof. Let p be the minimal distance from p to its cut locus (i.e. the minimum
of the function F defined in Proposition [10.6]), where possibly p = +oco.

Then geodesics of length < p through p have no conjugate points, so dexp,
is nonsingular on the ball B,(0) C T,,M. It is also injective: since the ball is in
the segment domain, if exp,(v) and exp,(w) coincide, then |[v] = |w|, so v = w,
for otherwise expp(v) would be joined to 0 by two different segments, and it
would have to be in the cut locus.

For the second part, observe that there is at least one cut point, and take
the minimum of the function F'. O

Remark 10.8. The cut point of minimal distance is not unique: consider the
torus as a quotient of [—1, 1] x [—1, 1] with the usual identifications and the flat
metric. Then the geodesic y(¢) = (¢,0) has a cut point at v(1) = (1,0), and the
geodesic a(t) = (0,t) has a cut point at (1) = (0, 1).

The following result will mostly be used in Section 77.

Lemma 10.9 (Klingenberg). Choose p € M such that inj, is finite, and let

exp, v be a cut point of minimal distance to p. Then at least one of the following
holds:

1. there ezists exactly one w # v in T,M such that t — exptw is also a
segment from p to exp,v = exp,w; in this case, the two segments join
smoothly at expv;

2. exp,(v) is a critical value for exp,: seg(p) — M.

Proof. Suppose that v is a regular point for exp,: T, M — M. Then there are
two segments joining p to exp, v, i.e. ¢ = exp,v = exp, w with w in seg(p).

If ¢ is a critical value for exp,, (2) holds. Suppose otherwise. We have two
distinct segments from p to ¢, call them v, (t) = exp, tv, 7, = exp, tw. We must
prove that that they concatenate smoothly at ¢, i.e. v, (1) = —v,,(1). Suppose
for a contradiction that ~, (1) # —~,,(1). Then there exists a vector u € T, M
which forms an angle > 7/2 with both /(1) and ~,,(1). Let c¢(s) be a curve
with ¢(0) = ¢, ¢/(0) = u. Since v,w are regular points for exp,, there exist
curves v(s), w(s) with exp, v(s) = c(s), exp, w(s) = c(s), v(0) = v, w(0) = w.
We can apply Gauss’ lemma to the radial function r = \/z% + ... + 22 (which
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defines distance from p within the geodesic ball); then gradr = % at v and w.
Since g(v'(0), &) < 0, g(w'(0), Z) < 0, both v(s) and w(s) enter the geodesic
ball; this contradicts injectivity of exp, in the geodesic ball.

It remains to show that w is unique. This follows because w is determined

by where the geodesic exp,, tv reenters the geodesic ball. O

11 The distance function ([7])

It is clear that the distance function r(g) = d(p, q) is not C! at p. Similarly, one
can see that it fails to be C* at cut points. Indeed, segments from p are integral
curves of grad r that contain p; if grad r is continuous at ¢, any segment from p
to ¢ can be extended, so ¢ is not a cut point. At other points, r turns out to be
smooth:

Lemma 11.1. Choose p € M and let r(xz) = d(x,p). Then r is smooth outside
the cut locus and {p}.

Proof. Let q # p be a point outside the cut locus; let v — exp,, tv be the segment
from p to ¢ = expwv. The continuity of the map F' of Proposition [10.6| implies
that exp, tw does not have cut points at ¢ < 1 for w in a neighbourhood of
v. Therefore, r(expw) = |w[. In addition, exp,, is a diffeomorphism around v
because ¢ is not a cut point. Therefore, r is smooth around gq. O

We will generalize the situation and replace r with an arbitrary distance
function, i.e. a continuous function r: M — R which is smooth on some open
set of M where it satisfies |gradr| = 1. We will also write % instead of gradr,
consistently with the Gauss Lemma applied to the “ordinary” distance function
r(x) = d(z, p).

Let S be the (1,1) tensor defined by

9(S(X),Y) = Hessr(X,Y),
ie. S(X)=VxZ. Then we will write
g(S*(X),Y) = Hess* (X, Y).
Notice that S is self-adjoint, hence
9(S*(X),Y) = g(S(X), S(Y)) = 9(Vx 55, Vv 55)-
Proposition 11.2. Let r be a distance function on (M, g). Then

V o Hessr(X,Y) + Hess’ r(X,Y) = —R(X, 2, 2.Y).
or
Proof. Since ‘%| =1, we have

Hess(%,X) = Hessr(X, %) = g(VXa%, %) =0.
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In other words, V@% = 0. Thus,

T

or 5;7“ [X,Brr "
==V .o (S(X)) = S(X. 5))
=~(Va8)(X) = 5(Vxg) = (V.2 HX) ~ §*(X).

Contracting with Y, and using that musical isomorphisms commute with V, we
obtain the statement. O

On a Riemannian manifold, let vol be the volume form. We define the
divergence of a vector field by

(div X)vol = Lxvol.

In an orthonormal frame {e;}, we have

divX = —Zg(ﬁxei7ei). (18)

Then one defines the Laplacian by
Af =divgrad f.
By , we have
Af - Zg gradf, 6,] ez - Zg gradfelaez) +g(ve@ gradf, ez)
= Zg e, grad f,e;) = tr Hess f.

Proposition 11.3. Letr be a distance function on (M, g). If M has dimension
n, on the open set where r is smooth,

(AT’)
1 = 87"

%Ar + O Ar + [Hessr|* = fric(%, %).

If equality holds, then Hessr(X,X) = ﬁAr for any unit X orthogonal to %,
Proof. We have

V o Hessr(X,Y) + Hess’ r(X,Y) = —R(X, 2, Z.Y).
or

We can rewrite this as

Vo HeSST(Xa Y) +g(VX%,Vy%) = _R(Xv or araY)'

or
Fixing an orthonormal frame ey, ..., e, and contracting, we obtain
ZV Hess 7(e;, ¢;)+9(Ve, 2 ZRe e;) = —ric(£, &)
59 i,€i) TG\ Ve; 5y eL3T 1’8r76r7 i or° or /"
. T
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i.e.

) 912 _ _ .00 B

WAT—"_ |VW = _I'IC(E7E).
Since V% = Hessr, we are reduced to showing

2 1 2
[Hessr|” > ——(Ar)“. (19)
n—1

To this end, complete % = e; to an orthonormal frame eq,...,e,, and write

[Hess r|* = Z:Hess(ei,ej)2 = Z Hess(e;, ;)2
0,J

i>1,5>1
(Z Hess(e;, ei))2 =

1
n— 1
>1

1

>
- n—1

(Ar)2.

where we have used Cauchy-Schwartz on square matrices of order n — 1 in the
form

tr A% = g(A, I)? < |AP 1] = |g|* (n - 1).

If equality holds in , then equality holds in the Cauchy-Schwarz inequal-
ity, i.e. A and I are linearly dependent. O

We aim at proving an estimate for the Laplacian of the distance function.
The idea is to consider the solutions of 9" + ki) = 0 which we called Sy, i.e.

ﬁsin\/%t k>0
Sk(t) =4t E=0.
ﬁsinh\/—kt k<O

In particular, when k > 0 S, vanishes at t = 7/Vk.
Notice that p = S},/ Sy satisfies

o +p 4+ Ek=0.
For the following lemma, we adapt the proof of [0].

Lemma 11.4 (Riccati comparison estimate). Let p: (0,b) — R be a smooth
function and k € R. Then:

1. if p'+p*+k <0, then p(t) < gégg where defined (which implies b < 7/\Vk
for k>0);

2. if o'+ p* + k >0 and limy_,o p(t) = +o0, then p(t) > gl’zgg where defined
(which entails t < w/\k for k> 0).

Proof. Let 7 be a function such that 7/ + 72 + %k = 0. Let F be a primitive of
p+ 7. Then

4
dt

(p=m)e" =(p* =7+ p —7)e = (0" + o/ + k)e".
If p' +p*+k <0, then (p—7)e!” is nonincreasing; it follows that if p(to) > 7(to),

then p > 7 for t < to. Similarly, if p’ + p? +k > 0 and p(ty) < 7(to), then p < 7
for t < ty.
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Now suppose for a contradiction that p(ty) > géggg for some to. By con-

tinuity, there exists € > 0 such that p(tg) > % Applying the above
observation with 7(t) = gig:;, we see that
Si(t—¢€)
t) > e <t <t
P> 5o =t

Taking the limit for ¢ — €, we see that p must go to infinity at t = ¢, which is
absurd.

The second part is similar. Suppose for a contradiction that p(tp) < gégig;
for some ty. By continuity, there exists ¢ > 0 such that p(tg —€) < z;’;ggg Then

arguing as above we find p(t—¢) < Zzg for all € < t < tg; since we are assuming

that p — 400 as t — 0, this is a contradiction.

The parenthetical remarks in the case k > 0 follow from the fact that .S}, /Sk
is only defined for t < 7/v/k, and lim, % S;./Sk = —oo. In the case p' +p*+
k < 0, this implies that b < 0. In the case p’ 4+ p? 4+ k > 0, this implies that the
inequality must be restricted to ¢ < 7/v/k. O

We now go back to following [7].

Lemma 11.5 (Calabi). If (M,g) is complete and Ric > (n — 1)k, with k € R,
then the distance function r(x) = d(x,p) satisfies

at points x where r is smooth.

Proof. Let ~(t) = exp,tv be a unit speed segment, so that 7(y(t)) = t. Let
p(t) = T Ar(y(1)).

By Proposition|[11.3] p'+p?+k < 0, and we can apply the Riccati comparison
estimate. Notice that when k& > 0, » cannot be smooth after t = w/\/E, and we
recove Myers’ theorem. O

12 Subharmonic functions and the Calabi lemma
at the cut locus

In this section we generalize Calabi’s lemma so that it applies at points where x
is not smooth. The first step is making sense of the inequality in the statement
at points where Ar is not defined. The starting observation is the following:

Lemma 12.1. If f,h are smooth functions on M such that f(p) = h(p) and
f(z) > h(x) in a neighbourhood of p, then

df, = dhy, Hess f, > Hessh|,, Af(p) > Ah(p).

Proof. By linearity, we can assume h = 0. Consider a unit geodesic v through
p. Then f o~ has a local minimum at 0, hence

(f27)(0)=0, (fo7)"(0)=0.
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This implies that dfy,(7/(0)) = 0 and Hess(7/(0),7/(0)) > 0. By varying v, we
see that df, = 0, Hess f|, > 0; taking the trace, we also see that Af(p) > 0. O

This motivates the following definition. Given a symmetric bilinear form
B on T, M, a smooth function satisfies Hess f, > B if Hess f, — B is positive
semidefinite. we say that a continuous function f satisfies Hess f|, > B if for
every € > 0 there exists a smooth function fe defined on a neighbourhood of p,
called a support function from below, such that

L fe(p) = f(p);
2. fe < f in some neighbourhood of p;

3. Hess fe|, > B — €g,.

It follows from Lemma[T2.T|that when f is smooth, this is equivalent to Hess f, —
B being positive semidefinite.

We say that Hess f|, > B if Hess f|, > B’ for some B’ > B, i.e. if there is
an e such that Hess f|, > B + ¢g.

Inverting the inequalities, we similary define support functions from above
and write Hess f|, < B when analogous conditions hold. We then write Hess f|, =
B to mean that Hess f|, > 0 and Hess f, < 0.

We give analogous definitions for Af(p) (replace B with a scalar and Hess
with A). A continuous function on (M, g) is subharmonic if A > 0, and su-
perharmonic if A < 0. We will need the following version of the maximum
principle:

Theorem 12.2 (Maximum principle). If f: M — R is continuous and sub-
harmonic, then f is constant in a neighbourhood of every local maximum. In
particular, if N is connected and f has a global mazimum, then it is constant.

Proof. Let p be a local maximum. If Af(p) > 0, we obtain a contradiction
because there is a support function from below f. with Af.(p) > 0, which also
has a local maximum at p, against Lemma [12.1

Now let B,(p) be a geodesic ball around p, on which p is a maximum point.
Suppose for a contradiction that f is not constant on B,(p). Thus, there is
some ¢ such that f(q) # f(p); up to decreasing r, we can assume that ¢ lies in
the boundary 0B, (p) of the geodesic ball. Set

V ={z € 0B.(p) | f(z) = f(p)};

notice that ¢ does not lie in V.

We will obtain a contradiction by considering a function f = f + 6h with
positive Laplacian and a local maximum, which contradicts what we proved at
the beginning. Here § > 0 is a constant and & is a smooth function on 9B, (r)
such that

h<0onV,
h(p) =0, (20)
Ah >0 on B,(r).

In order to construct h, let ¢ be a smooth function on B,.(p) such that

é(p) =0, ¢<0onV, do+#0.
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For instance, if in normal coordinates ¢ = exp,(1,0,...,0), we can set
¢=er;— (z3+...+22)

for small € > 0. Then we set h = ¢®® — 1, with « a positive constant. The first
two conditions in are trivially satisfied; for the third, we compute

Hess f = Vdh = V(ae“dp) = a?e*®dp @ do + ae®® Hess ¢;

taking the trace,
Af = ae®®(a|dg)* + Ag),

which for large « is positive on the compact set B..(p).
Now let L B
f:0By(r) =R, f=f+5h.

This function has a maximum because it is defined on a compact set; for small
60 > 0, f has a maximum in the interior of the geodesic ball. This is because
f < f(p) — € on the compact set

and so we have f < f(p) on K if § is small enough; since f < f < f(p) on
OB,(p) \ K, this shows that f < f(p) = f(p) on 9B, (p).

On the other hand, we have Af > 0: indeed, let f. be a support function
from below for f at g¢; then Af.(q) > —e. The function f. + hd is a support

function for f = f 4+ hd, and
(Afe+hd)(q) = —e+ 5AR(q),

which for small € becomes positive.
Now f has a local maximum on B, (p) and positive Laplacian, which is a
contradiction by the first part of the proof. O

Theorem 12.3. If f: M — R is continuous and Af =0, then f is smooth.

Proof. Fix p € M and choose §2 = B,.(p) contained in a normal neighbourhood
of p. By a standard result in PDE, the Dirichlet boundary value problem

Au=0, Alga = floa

has a solution, which is continuous on €2 and smooth in the interior of 2. By
the maximum principle, f — u and u — f attain their maximum value on the
boundary of €2, so they are both zero. O

Lemma 12.4 (Calabi). If (M,g) is complete and Ric > (n — 1)k, with k € R,
then the distance function r(x) = d(x,p) satisfies

Ar(a) < (n= 1) i)

at every x such that Sk(r(x)) > 0.
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Proof. For ¢ € M, let o be a unit speed segment from p to ¢, o(L) = ¢. For
0 <e< L, write r.(z) = e + d(o(€), x); then re(¢) = L, and

re(z) = d(p, o(€)) +d(o(e, x)) > r(z).

We claim that the r. are smooth. Suppose for a contradiction that for some
€ the function r. is not smooth at ¢. Then ¢ is a cut point for the geodesic
from o(e€) to g. By Proposition this implies that o(€) is a cut point for the
geodesic from ¢ to o(e€), which is absurd because o is a segment from p to q.
Thus, the r. are smooth, and they are support functions from above for r at

q. By Lemma [11.5] we have

Si(d(g,0(€)))

S(d(g,9(e)) S(r(g) —€)
Sk(d(g,0(e))) €

Se(r(q) —€)

If Sk(r(q)) > 0, the right hand side goes to gl’;ggggg as € — 0, and we obtain

Ar(q) < (n - D,

Ari(g) < (n—1) —(n—1)

O

Remark 12.5. For x # p, the function S (r(x)) can only vanish if £ > 0 and
d(x,p) = n/vk, which by the Myers theorem can only happen if the diameter
is exactly 7/vk and d(z,p) = 7/vk. We will see in Theorem ?? that this only
happens when M is isometric to the round sphere of curvature k.

13 The Cheeger-Gromoll splitting theorem [7]

In this section we prove the Cheeger-Gromoll theorem, stating that a complete
Riemannian manifold with Ric > 0 that contains a line is a Riemannian product
M xR. We start with a general discussion of rays and lines, which will be useful
in applications of the theorem.
On a Riemannian manifold, a ray is a unit speed geodesic v: [0,00) — M
such that
d(v(s),¥(8) = [t — s].. (21)

Thus, ~y is unit speed and its restriction to any closed interval is a segment. We
will say the ray emanates from v(0). A line is a unit speed geodesic v: (—o0, 00)
that also satisfies .

Example 13.1. Let {g:} be a one parameter family of metrics on M. This
induces a metric ¢ = ¢¢ + dt> on M x R, sometimes referred to as a generalized
cylinder. If xy,...,x, are coordinates on M, then x1,...,x,,t are coordinates
on M x R and the Koszul formula gives

Lo

o o\ _ o 8y _
IV 51:9:) =0, 9(Va 7 aﬁj) = 30195
a1 ot

Thus, the curves t — (t,p) are lines.
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Example 13.2. A paraboloid 2 4+ y2 = z does not contain any line. This is
because all geodesics on the paraboloid are tangent to a parallel {z = zo} (with
zo being the minimum height along the geodesic) and cross every meridian an
infinite number of times. Indeed, write the geodesic as

y(t) = (rcos,rsind, r?),
where r, 0 are functions of ¢. Then
~'(t) = 7' (cos 0,sin 0, 2r) + §'(—rsinf,r cos 6, 0).

In particular
()2 (1 +4r%) +r2(0')? = 1;
moreover Clairaut’s relation gives

K =r(y,(—sin6,cos0,0)) = ¢’

Since r is not constant along the geodesic (parallels are not geodesics), we can
reparametrize the geodesic in terms of r; then

@7 Kr—2 75 1+ 4r2 >5
or \/(1—K2r—2)/(1+4r2) rVr2—K2 =~ p’

This shows that # is unbounded, and theferere a geodesic intersect every merid-
ian an infinite number of times.

Since parallels are not geodesics, a geodesic cannot be asymptotic to a par-
allel; hence, at the minimum value of r along a geodesic, the geodesic is tangent
to a parallel.

These two facts imply that any geodesic which is not a meridian meets itself
an infinite number of times; hence, it is not a line.

We say that a manifold M is connected at infinity if for every compact subset
K C M there is a compact subset C' O K such that any two points in M \ C can
be joined by a curve in M \ K. Customarily, in the definition M \ C' is allowed
to be disconnected. This seems to be an unnecessary complication, due to the
following:

Lemma 13.3. If M is connected at infinity, any compact set K is contained
in a compact set C that does not disconnect M .

Proof. Let K be an arbitrary compact set. Because M is connected at infinity,
there exists a compact set C' D K such that any two points of M \ C' are joined
by a curve in M \ K. Let {U,}acr be the connected components of M \ K.
Since any two points of M \ C must lie in the same component of M \ K, we see
that there is only one of the U, that is not contained in C, call it Ug. Then Ug
is open, because a manifold is locally connected; thus, C’ = C'\ Ug is compact.
Writing

C'=|JUaUK,
a#B
we see that M \ C' = V3 is connected. O
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We say that M is disconnected at infinity if it is not connected at infinity.

Remark 13.4. A compact manifold M is trivially connected at infinity, even
if it not connected. Notice that the arbitrary compact subset K C M in the
definition can still disconnect M (consider the equator in the sphere).

Remark 13.5. A manifold with two noncompact connected components is triv-
ially disconnected at infinity.

It follows from the two remarks above that the notion of connectedness at
infinity is only meaningful for noncompact, connected manifolds.

Example 13.6. For n > 1, R" is connected at infinity, since every compact K
is contained in some closed ball B,.(0).

Example 13.7. If N is compact and connected, then M = N x R is discon-
nected at infinity, since N x {0} divides N in two connected components.

Example 13.8. If N is compact and connected, then N = M x R? is con-
nected at infinity: every compact K is contained in some M x B,.(0), whose
complementary is connected.

Lemma 13.9. Let M be complete, connected and noncompact. Then:
1. for every p, there is a ray emanating from p;
2. if M is disconnected at infinity, then M contains a line.

Proof. For the first part, let ¢; be a sequence going to infinity, i.e. for every

compact K, g; is eventually outside K. Let 7; be a sequence of unit speed

segments from p to g;, say 7;(t) = exp, tv;, with [v;| = 1. By the compactness

of the sphere in T, M, we can assume up to extracting a subsequence that v;

converges to v; write y(t) = exptv. By continuity of the exponential, we have
Lim 5;(t) = (1)

In particular, d(v(t),v(s)) = limd(vy;(t),vi(s)) = |t — s|. Thus, v is a ray.

For the second part, assume that M is disconnected at infinity. Then there
is a compact set K such that for any compact C' O K, there exist two points
outside C that are not connected by a curve in M \ K. Consider an exhaustion
by compact sets M = UieN C;, and choose points a;, b; in M \ C; not connected
by a curve in M \ K. Thus, the unit speed segment 7; from a; to b; intersects K
at some p;; up to time translation, we can write v; = exp,, t;v;, with lv;| = 1.
Up to a subsequence, we can assume that (p;;v;) converges to (p;v) with p € K
and |v| = 1; then exp, (tv;) converges to exp,(tv) for all t. Since the ; are
segments on an interval of length d(a;,b;) — 400, t — exptv is a line. O

Let (M, g) be complete and noncompact. Let 7: [0,00) be a ray, and define
be(x) = d(z,y(t)) —t.

Remark 13.10. At points = = y(s), we have

—s s<t
s—2t s>t

bi((s) = It — o —t={
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Figure 1: Busemann function in R™
W) )

I A

Lemma 13.11. Let (M, g) be complete, let v be a ray and define the functions
b; as above. Then:

1. for fized x, the function t — b(z) is decreasing and bounded in absolute
value by d(x,v(0));

2. [be(x) = be(y)| < d(z,y);

3. if Ric > 0, Aby(z) < #—)1“

Proof. The first item follows from the triangle inequality: if s < t, we have
be(x) = bs(z) = d(z,7(t)) —t — d(z,7(s) + 5 < d(y(t),7(s) = (t —s) =0,

and boundedness follows from

b ()| = |d(2, y(t)) —t] = |d(x,7(t)) — d(7(0),7(t)] < |d(z,~(0)].
The second item follows from
be(x) = be(y)| = |d(z,7(t)) — d(y,y(t)| < d(z,y).
The third item is Calabi’s lemma for & = 0. O

We define the Busemann function
by: M =R, by(x)= lm b(x);

t—+oo

this is well defined by Lemma [I3.11] and by the same satisfies

by (2) = by (y)| < d(z,y),  [by(2)] < d(z,7(0)).

In particular, by is continuous. It should be thought of as a “shifted” distance
from infinity in the direction of the ray, as in

d(z,v(400)) = d(7(0), 400) + by (z) (ideally). (22)

Remark 13.12. By Remark [I13.10] by (y(s)) = —s.

Example 13.13. In Euclidean space,

by(z) = (x —~(0)) - ¥/(0),

(see Figure [1)).
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Given a ray v and any point p € M, we can choose a sequence 7(t,) such
that the unit speed segments from p to v(t,,) converge to a ray 5: [0, +00) = M
with 4(0) = p; such a ray (in general not unique) will be called an asymptote
for v from p.

Along an asymptote, the “distance from infinity” b, decreases in the same
way as along ~; the triangle inequality then implies that, moving away from p,
by cannot increase more than by:

Proposition 13.14. If v is a ray and ¥ an asymptote for v from p, then the
Busemann functions are related by

1. by(5(6) = by (p) — 1
2. by (2) — by (p) < bs(2).

Proof. Let o, be the unit speed segments from p to v(t,), converging to 4. Fix
s > 0; for large n, o,,(s) lies in the segment from p to y(t,), so

d(p,y(tn)) = d(p, on(s)) + d(on(s), Y(tn))-

by(p) = ngrfoo d(p,¥(tn)) —tn = ngrfoo d(p,on(s)) + d(on(s),¥(tn)) — tn
— d(p. () + lim (d(3(5).1() 1)
= 545, 3(s)),

proving the first item.
The second follows, as

d(x,7(s)) — s < d(z,7(t)) + d(3(t),7(s)) — s;

taking the limit as s — 400,

by(x) < d(z,3(t)) + by ((t)) = d(z,7(t)) + by (p) — 1
taking now the limit as t — 400 we find b, (z) < b, (p) + b5(z). O
Lemma 13.15. If Ric > 0, then Ab, <0.

Proof. Let 4 be an asymptote from p. Then b5 (p) = 0, and by Proposition|13.14

by(p) + b5 > b,. By Lemma [13.11] the functions b.(z)) = d(5(t), z) — t converge

to by(x) from above; they are smooth around p because ¥(t) is not a cut point,

0 by (p) + bt is a support function for by at p; again by Lemma [13.11} we have
n—1 n—1

Ab < =
t(p) —= bt(p) +t t 9

so Aby <0. O

Theorem 13.16 (Cheeger-Gromoll). If (M, g) is noncompact, complete, con-
nected, it contains a line and Ric > 0, then it is isometric to H x R with a
product metric.
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Proof. The proof makes use of a linear distance function r, i.e. a smooth func-
tion r: M — R such that

lgradr| =1, Hessr =0.

Having defined such a function, let N = r~1(0) with the induced metric, and
let
P NxR—-M

be the map defined by the flow of gradr. This is a diffeomorphism around a

point (p,0), giving local coordinates x1,...,z,,r on M, where x1,...,x, are

coordinates on IV; in these coordinates, the coordinate field % coincides with

gradr. By construction, the metric takes the form of a generalized cylinder

gr +dr?. Since V% = Hessr =0, V@% = Vi% = 0, so the computation
or )

of Example shows that g, is constant in 7. %hu& ® is an isometry about
(p,0). Repeating the argument at different points (p’,t) one sees that ® is a
global isometry.
In order to construct 7, let v be a line. Let b* be the Busemann functions
associated to the positive and negative rays of =, i.e.
bt (x) = lim d(x,y(t)) —t, b (z)= lim d(xz,(y(—t)) —t.

t——+oo t—+oo

By the triangle inequality,

B (@) + b (@) = lim_d(@.5(0) +d(@.(=0) =20 > 0

moreover at points of v we have b™ (y(t)) + b~ (y(t)) = 0. Thus, b" + b~ has a
global minimum, and A(b* +b~) < 0; by the minimum principle it is constant.
This implies

b =-b", Abt=0=Ab".

7

We need to show that grad b* has unit norm; then the b* are linear distance
function and we can conclude as above.
Fix p € M. Let 4% be asymptotes from p for the positive and negative rays
in 7. Set
bE(2) = (@, 55 (1) — &

so that b (z) converges to b5+ (x) from above; then by Proposition |13.14f we
have

since bt = —b_, this gives
bf (x) +b; (z) > 0,

with equality at p. Since b;” and b; are smooth at p, we have db; (p) = —db; (p),
and
bl (x) 2 b7 (@) = b7 (p) 2 =b; (2)

implies that b% is differentiable at p with db*(p) = dbf (p); in particular,
|grad b | = 1 everywhere.
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Moreover, r = b™ is harmonic, so it is smooth. By Proposition we have

(Ar)?

0=0.Ar+ T < 0. Ar + [Hessr|* = —ric(%,%) <0,

n—
so the Hessian is zero. O

The Cheeger-Gromoll splitting theorem has several interesting consequences.
Corollary 13.17. S? x St and 83 x S' do not admit any Ricci-flat metric.

Proof. Suppose for a contradiction that S* x S' has a Ricci-flat metric with
k = 2,3, and let g be the pullback metric on the universal covering S* x R.
Since S* x R is disconnected at infinity, it contains a line by Lemma m By
the Cheeger-Gromoll theorem, (S* x R, g) = (H x R, h + dt?), where (H,h) is
a Ricci-flat manifold of dimension k = 2,3. For dimensional reasons, h is a flat
metric. It is also simply connected, because so is H x R = S* x R, and complete.
So by the classification of complete simply connected manifolds with constant
curvature, H = R2, which gives a contradiction. O

A group of isometries of R¥ is called a crystallographic group if it is discrete
and acts cocompactly. Bieberbach’s theorem states that the intersection of
a crystallographic group I' with the subgroup R* C Isom(R¥) consisting of
translations is normal and of finite index in I', and isomorphic to Z* (see [8]).

We know from Myers’ theorem that the universal covering of a complete
manifold with Ric > ”T_l is compact. The following theorem is a generalization
to Ric > 0:

Theorem 13.18 (Structure theorem for Ric > 0, Cheeger-Gromoll). Let (M, g)
be a compact Riemannian manifold with Ric > 0. Then:

1. the universal cover with the pullback metric is a Riemannian product N x
R¥, where N is compact;

2. the isometry group of N x R is Isom(N) x Isom(RF);

3. there exists a finite normal subgroup G C w1 (M) such that m1(M)/G is a
crystallographic group.

Proof. By the splitting theorem, the universal cover is a Riemannian product
M = N xR*, where N does not contain any line. We will see that N is compact.
First, we will prove (2).

Observe first that the projections of a line in N x R* on each factor is either
constant or a line. We have a natural action of R¥ on N x R¥ by translations,
allowing us to write

(z,y) +v=(z,y+v), zcN,y,veRF
Since N does not contain any line, the lines of M = N x R¥ take the form
v(t) = (z,y +tv) = (z,y) +tv, veRF (23)

Let F: M — M be an isometry. Then F maps a line as in to a line of the
same form. In particular, (Fo~’) is the velocity of a line, so it has no component
along N, and we can write

F(z,y +tv) = F(z,y) + tdF, ,(0,v);
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thus, the first component of F(z,y) only depends on z, i.e. we can write
F(z,y) = (Fi(z), Fa(z,y)). Thus, the differential takes the block form

Since dF; , is a linear isometry, a%iFg = 0, i.e. Fy(z,y) only depends on y.
This implies that F} is an isometry of M and F, an isometry of R¥.

The fundamental group 1 (M) acts on M by isometries and the quotient
is compact. This implies that every (M )-orbit intersects some compact set
W =W, x Wy € M x RF. Suppose for a contradiction that N is not compact.
Then by Lemma it contains a ray 7: [0,4+00) — N. Let t, be a sequence
such that v(t,) goes to infinity (i.e. for any compact set K, v(t,) is eventually
outside K); for each n, we can choose an isometry in 71 (M) mapping (y(t,),0)
to an element of W, which by projection determines an isometry F,, of N that
maps Y(t,) to an element of W;. Up to a subsequence, we can assume that
F,(tn) converges to p and dF,,(7'(t,)) converges to some (p;v) € TN. Thus,
the rays

converge to a geodesic Yo (t) = exp,tv. Since the v, are rays, d(vx(t,5)) =
lim d(y,(t), vn(s)) = |s — t|, 50 Yoo is a line, which is a contradiction.

To prove (3), let G be the normal subgroup of 7; that acts trivially on R*
(i.e., the kernel of the projection to Isom(R¥)). Then G acts freely with discrete
orbits on M, because so does 7, and hence on N. Since N is compact, G is
finite. By construction, H = m;(M)/G is a group of isometries of R¥, and it
acts with discrete orbits; to see that it is a crystallographic group, all that is left
to observe is that the surjective map M = N x R¥ — R* induces a surjective
map M = M /m; (M) — RF/H. O

Corollary 13.19. If M is a compact Riemannian manifold with Ric > 0 and
the universal cover is contractible, then the universal covering is Euclidean space
and M 1is flat.

Proof. By the structure theorem of Cheeger and Gromoll, M = N x R¥, which
can only be contractible if N is a point. O

The following can be seen as a generalization of Myers’ theorem.

Corollary 13.20. If M is compact with Ric > 0 and Ric, > 0 at some p, then
m (M) is finite.

Proof. By the structure theorem of Cheeger and Gromoll, M = N x R¥ with
the product metric, so the Ricci tensor at each point is zero in the directions of
RE. This is only possible if k = 0, i.e. the universal covering is compact. O

Corollary 13.21. If M is compact with Ric > 0, then by(M) < dim M = n,
with equality holding if and only if M is a flat torus.

Proof. Consider the epimorphism

h:m (M) — Hi(M,Z) =7 x T,
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where T is a finite abelian group. The finite subgroup G of the Cheeger-Gromoll
theorem is mapped to T'; thus, h induces an epimorphism 71 (M)/G — Z"*. We
know that 7 (G) has a finite index subgroup isomorphic to Z*; thus, b; < k < n.

If equality holds, then k = n, i.e. M = R™. So the subgroup G is trivial.
Moreover the restriction of h to Z™ must be injective because the image has
finite index. Thus the kernel of i cannot intersect the finite index subgroup Z",
and hence must be finite. However, m (M) acts freely on R™, so it contains no
elements of finite order (see Theorem , i.e. h is injective. Thus, (M) =
Z"™ x T, and by the same token T is trivial. So M = R"/Z" is a flat torus. O

Recall that a Riemannian manifold is homogeneous if for any two points p, q
there is an isometry mapping p to gq.

Theorem 13.22. Let M be a homogeneous Riemannian manifold with Ric > 0.
Then M is the Riemannian product of a compact homogeneous manifold N with
FEuclidean space.

Proof. A homogeneous Riemannian manifold is complete because inj, is the
same at every point, so any geodesic can be extended indefinitely.

Write M = N x R*, where N does not contain any line. Then N is homo-
geneous. If V is noncompact, let v be a ray, and let F), be isometries such that
F,(y(n)) = v(0). Then the rays v,: [-n,+00), vu(t) = F,(y(t +n)) are the
same geodesic as 7, so 7 is a line, which is absurd. O

Corollary 13.23. A homogeneous Ricci-flat Riemannian manifold is flat.

Sketch of proof. Follows from Theorem [13.22] and the fact that a Killing field
on a Ricci-flat compact manifold is parallel. O

14 Maximal diameter rigidity [7]

We know from Myers’ theorem that the diameter of a complete metric with
Ric > (n — 1)k is bounded by m/vk. The bound is an equality for the sphere;
this actually characterizes the round metric on the sphere, by the following:

Theorem 14.1 (Cheng). Let M be a compact manifold with diameter w/\k
and Ric > (n — 1)k. Then M is isometric to the sphere.

Proof. Let p,q be points with d(p,q) = 7/Vk. Define

r(z) =d(p,z), 7(z)=d(q,).

Thenr+7 > 7/ V'k by the triangle inequality, and equality holds on the segment
from p to q. We claim equality holds everywhere. Indeed, by Calabi’s lemma
we have

Si(r(z)) Sp(7(x))

Ar+n<t=Dg e@n T Ve6w)

Since S}/ Sk is decreasing for k > 0, we obtain
Si(r(z)

A(r—l—f)g(n—l)sk(r(x);—&-(n—l)

Si(m/Vk = r(x))
Si(m/Vk = r(x))

=0.  (24)
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The last equality follows either from the explicit expression of S or by the
observation that the Calabi lemma is an equality on the sphere of curvature k.
Thus, r 4+ 7 is superharmonic and has a global minimum; by the minimum
principle, it is constant, i.e.
r+7=m/VEk.

It follows that for any x, any segment from p to z can be joined to a segment
from x to ¢ to obtain a segment, which must necessarily be smooth. Therefore,
2 is not in the cut locus of any segment from p, and r is smooth at x. This
implies that r,7 are smooth outside of p, g.

Since r + 7 is costant, equality holds in , and in particular

Si(r(x))

Ar = (n—1)=k .

S ATE)

Recalling that p(t) = S} (t)/Sk(t) satisfies p’ + p? + k = 0, and applying Propo-
sition we see that

—(n—1Dk=ZAr+

(AT)2 2 .
— < %Ar—l—\Hessﬂ Z—I‘IC(%,%) < —(n—-1)k.
In particular, the inequality (Ar)2 < (n — 1) [Hess7|* is an equality. As in the

s . . L .
proof of Proposition Hessr is a symmetric operator on % , and denoting

. . L . .
I the identity on -2, Cauchy-Schwartz is an equality, so

or
D _ Si(r(2))
Hessr = m(A’/‘)gT = mgr

Now Proposition [T1.2] gives

—kg,(X,Y) =V g Hessr(X,Y) + Hess* r(X,Y) = —R(X, 2, 2,Y).
or

We cannot directly invoke the classification of metrics with constant curvature,
since this condition only holds in the radial direction; however, the fact that
curvature determines the metric is really a consequence of Jacobi fields being
determined. In this case, Jacobi fields are exactly as in a space of constant
curvature. We know that along a radial geodesics exp,, tv, with |v| = 1, Jacobi
fields orthogonal to 2 take the form J(t) = Sk([v|)V, where V' is parallel, and
J'(0) = V. If we allow |v| to be arbitrary, the Jacobi field with J(0) = 0 and
J'(0) =V can be written as J(t) = |71\Sk(t |[v])V. This implies

1

=l [Sk([oD[ V-

|dexp,, (v; V(0))] = |dexp,(v; J'(0)] = |J (1)
Thus, in normal coordinates,
1 2 L 2
9= 35(r)"g" +dr’,

where g+ is the Euclidean metric restricted to %J—, or in polar normal coordi-
nates,

9= Sk(r(x))’ggn-1 + dr?,
where ggn-1 is the metric on the sphere (see Remark . Thus, M \ {q}
is isometric to the complement of a point N in the sphere with curvature k.
Symmetrically, M \ {p} is isometric to the complement of —N, yielding a global
isometry of M with the sphere. O
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15 Rauch comparison [7]

We have already seen that in negative curvature, the Hessian of the distance
function is bounded below by g (Lemma . This can be generalized to give
more general bounds both above and below under the assumption that sec is
bounded. The following result should also be compared with Calabi’s lemma,
which from a bound on Ric (the trace of R) deduces a bound on Ar (the trace
of Hessr).

Theorem 15.1 (Rauch comparison). Suppose k < sec < K, and let g = dr?+g,
in polar coordinates inside a geodesic ball. Then

Sk(r) S;'C(T)g
Sk (r) Sy.(r)7"

Proof. We follow different techniques for the upper and lower bound. In both
cases, let v: [0, b] be a unit speed radial geodesic inside the geodesic ball, v(0) =
p.

gr < Hessr <

Assuming sec < K, let

g(J',J) J J

p(t) = ——=—= =Hessr(—, —),

for J a Jacobi field along v with J(0) = 0 and J’(0) orthogonal to +'(0). Then

o (T ) TP TP = 29(,T)?
a "

PV =290 )
77 B

= —sec(J,7") ~K — p*.

In addition p(t) ~ 1, since g(J’,J) ~ t|J'(0)|°. Then apply Lemma to

1
conclude that gi%g < p(t).
Now assume sec > k, and consider a radial geodesic v, let V be a unit parallel

vector field along v orthogonal to v/, and define

p =Hessr(V,V);
then, since V is parallel along ~, we have

p' = (V o Hessr)(V,V).
or

By Proposition we have

|

o' + Hess? r(V,V) = —=Rm(V, %a V).

Q)

r?

Applying Cauchy-Schwartz in the form

Hess r(V, V)? = g(Vy 2, V)2 < |Vy 2 V]2 = |Vy 2|7 = Hess® r(V, V),

we obtain
o = —Hess>r(V,V) —sec(V,V) < —p* — k.
and again we conclude by Lemma O

57



Remark 15.2. Along a unit speed radial geodesic, with J € J+, J(0) = 0, the
formula says

Sk(r) | 72 N < Skr)
J|" <Hessr(J,J)=g(J,J) <
Sic(r) I < (J,J) =g(J,J") Se(r)
If the geodesic is not unit speed, say v(v) = exp,tv, then r(t) = t|v], so
%Sk(r(t)) = S.(r(t)) |v], and similarly %J, so again

2 Sk(r(t) - 2 Sk(r(t))
S (r(t)) = Sk(r)

As a consequence we also obtain another theorem (also known as Rauch’s
theorem, see [4]), which compares the length of curves to related curves in a
space form. The idea is that curves become longer as the curvature decreases
(consider the case of a sphere).

Bl

J? < g(J, ") 7).

Corollary 15.3 (Rauch). Let M, M be Riemannian manifolds; fiz a point

p € M and a point p € M, and let I: T,M — TﬁM be an isometry. Suppose
that exp,, has no critical points in B,(0) C T,M and that exp; has no critical

points in B,(0) C Tz M. For any curve c in B,(0) C T,M, consider the curves
v =exp,oc, §=expzoloc.
Then:

e if M hassec < K and M has constant sectional curvature K, then l(v) >
U7);

o if M has k < sec and M has constant sectional curvature k, then l(v) <
7).

Proof. Suppse that sec < K. Let 7 be a geodesic variation obtained by 7(s,t) =
exp,,(tc(s)). Then each v, is a geodesic endowed with a Jacobi field

Js(t) = % = tdexp,(tc(s); ¢'(s)).

In particular, we have J,(1) = +/(s), J;(0) = ¢/(s).
The Jacobi field J; = %Z vanishes at 0, so it takes the form hty, +.J}, where
the constant h can be determined by

2
9(c(5),7:(0)) = g(J£(0),7(0)) = hg [V, (0)[" -
By Rauch comparison applied to J+, we have
Srlog Sk (r(7s(t))) < 5 log | 5] (25)
Now consider similarly the variation
¥s = expﬁ(tl(c(s)).

Its Jacobi field is js,



where the constant h is the same as before because I is an isometry, and for the
same reason (J)'(0) has the same norm as (J&)'(0).

Since M has constant curvature K, we know that ‘Jj’ is a constant mul-
tiple of Sk (r(7s(t))), so combining with we find

jL

%log §%log|Jj’.

L2
Thus t — ‘JSL‘ / ‘Jj|2 is a smooth nonincreasing function which takes the

value 1 at t = 0, and therefore )js < |Js]. At t =1, this gives |7/(s)] < |7/ (s)]-
This implies that 4 is shorter than ~.

The case k < sec is similar. I

The methods of the Rauch comparison theorems can also be used to obtain
a partial generalization of the Cartan-Hadamard theorem.

Theorem 15.4. If M is complete and sec < K, with K > 0, then for any p,
exp,,: B(0,7/vVK) — M has no critical points.

Proof. We must show that geodesics shorter than 7/ V'K have no conjugate
points.

Let «y: [0,b) be a unit speed geodesic, and let J be a nonzero Jacobi field
along v, with v(0) = 0, 4/(0) orthogonal to '(0). As we computed in the proof

of Theorem [15.1} p(t) = g(l‘_jjll’z‘]) satisfies p’ + p? + K > 0, so by Lemma |11.4] we

have that p > ?2%7 t < min{b, 7/vK}. We can rewrite this as

d ,_ d
—1 > — log S?
p og|J|" > 7 108 5k

which shows that |J|* / S? is nondecreasing. We have Sk (t) ~ ¢ as t — 0, and
[T = 2(J'(0), J'(0) + o(t?), s0

. t2(J'(0), J'(0)) + o(t?) _ |J’(0)|2.

t—0+ 12

)P
A e

N

Therefore |J(t)|* > |J'(0)[* S2 (t), which does not vanish for 0 < t < n/vVK. O

16 Positive sectional curvature

Recall from Section [9] that an axis for an isometry F' is a geodesic v such that
F o is a reparametrization of 7v. On a complete manifold, if the displacement
function dp has a positive minimum, then there is an axis. Additionally, recall
from Lemma[9.13] that any nontrivial deck transformation of the universal cover
of a compact manifold has an axis that maps to a geodesic loop in M which has
minimal length in its free homotopy class.

Theorem 16.1 (Synge). Let M be a compact manifold with sec > 0.
o If M is even dimensional and orientable, then M is simply connected.

o If M is odd dimensional, then M 1is orientable.
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Proof. Let : M — M be the universal cover. Observe that M is orientable, and
M is orientable if and only if all deck transformations are orientation-preserving.

We will prove the two assertions simultaneously, assuming for a contradic-
tion that 7 has a nontrivial deck transformation F' which preserves or reverses
orientation according to whether the dimension is even or odd.

By Lemma F has an axis 7; this yields a geodesic loop v: [0,b] — M
which has minimal length in its free homotopy class. Assume - has unit speed.

Now consider parallel translation along ~,7; this gives isometries L and L
that make the following diagram commute:

- L ~r dF~! ~
LM ——=T5p)M —= T50)M

N

L
LM ——TyoM

Since L preserves the orientation, LodF—! preserves or reverses orientation
according to whether F' does. Thus, det L = (—1)™.

We claim that L has 1 as an eigenvalue of multiplicity at least two. Indeed,
the real eigenvalues can only be £1, so (—1)" = det L = (—1)¥, where n is the
dimension of M and k is the multiplicity of —1. So the sum of the eigenspaces
with eigenvalue # —1 has even dimension, and this implies that the multiplicity
of 1 is even. Notice that the multiplicity cannot be zero, as L(v(0)) = +/(0).

Let v be a unit eigenvector, L(v) = v, orthogonal to +/(0). Then paral-
lel translation defines a closed vector field V' along . Consider the geodesic
variation

Vs = €XPy (1) SV(t),

and write Synge’s formula,

2

62 b 82 S b ! ! 827‘5 ! a /ys !
552 Z(s)ls=0 —/0 atastdt_/o 9(BV,A)W, V)dirg(—55.7)(0,8)~9(—55.7)(0,0)

b
= —/ sec(V,~")dt < 0.
0

This is a contradiction because the curves «y5 are loops in the same free homotopy
class as 7, which minimizes energy by the argument of Proposition (though
endpoints are not fixed here). O

Remark 16.2. Any nonorientable manifold has a 2 : 1 orientable cover, so
Synge’s theorem implies that the fundamental group of a manifold of even di-
mension with positive sectional curvature has at most order two. For instance,
this shows that RP? x RP? does not carry such a metric.

Theorem [15.4] can be turned into a result on the injectivity radius by using
Klingenberg’s lemma (Lemma.

Recall that a curve 7y is a geodesic loop if it is a geodesic which is not injective,
i.e. meets itself. A periodic geodesic is a geodesic such that v(t + k) = ~(t) for
some k. Periodic geodesics are geodesics loops, but the converse does not hold.
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Proposition 16.3 (Klingenberg). If M is compact with sec < K, K > 0, then
.. . 1 .
inj, > min {7‘(’/\/]?, §length of shortest geodesic loop based at p} .

In addition, either:
e inj > w/\/f; or

e inj is one half the length of the shortest geodesic loop, which is a periodic
geodesic.

Proof. By Klingenberg’s lemma, injp is the length of a segment [0,1] > ¢ —
exp, tv. If |v| > 7/v/K, there is nothing to prove. Otherwise, we know from
Theorem that there are no conjugate points along the segment, and exp,
is nonsingular at v. By the lemma again, we see that exp, v = exp, w; the two
segments t — exptv and t — exptw can be joined to form a loop, which is
smooth at exp, v. Since both are segments, they have the same length, so the
length of the loop is 2|v|.

For the second part, observe that if for all points inj, > m/ VK, then the
claim holds trivially. Otherwise, use compactness and choose p such that inj =
inj, < W/\/I? Then there is a geodesic loop based at p of length 2inj,, say
~v:[0,2injp] — M. If 4(injp) = ¢, and ~ is obtained by concatenating the only
two segments from p to g. We have that inj, = inj, < w/ VK, so symmetrically
there are exactly two segments from ¢ to p which form a geodesic loop, which
are necessarily the segments forming ~y. This shows that ~ is periodic. O

Theorem 16.4 (Klingenberg). If M is compact of even dimension with 0 <
sec < 1, then inj > m if M is orientable, and inj > 7/2 if M is not orientable.

Proof. Assume M orientable, and suppose for a contradiction that inj M <
7. Then by Proposition there is a periodic geodesic of length 2inj M.
So let : [0,2inj] — M be a unit speed geodesic loop. Since M is oriented,
parallel transport L: T, )M — T 2inj)M preserves the orientation. Arguing
as in Theorem [16.1] we see that L must fix an orthogonal direction, giving a
closed parallel unit vector field V'(¢) along . The associated variation s =
exp.(y) sV () is such that each 75 is a loop and s — [(s) has a local maximum
at s =0, i.e. each 7, has length < 2inj M.

For any s # 0, since 5 is a loop, it is contained in the geodesic ball
Binj m7vs(0). Choose t, maximizing distance between 7,(0) and 7s(t,); then

Vs(ts) = €XDPn, (0) (vs),  vs € seg(75(0)).

For s — 0, the length of v5 converges to 2inj M, so |vs| converges to inj M.
By compactness, for some sequence s, — 0, we get |vs, | = vo, |vo| = inj M.
Since 7s(ts) is the farthest point from 7,(0) in the curve s, it follows that the
segment ¢ — exp,_(g)tvs is orthogonal to vy(ts). Thus, exp. ) tvo meets ()
orthogonally at ¢ = inj M. This implies that ~(inj M) is joined by three distinct
segments to y(0); by Lemma this is only possible if y(inj M) is a critical
value for exp.g); however, we are assuming injM < , so this is absurd by
Theorem

If M is not orientable, then it has a 2 : 1 orientable cover with injectivity
radius > m. By the triangular inequality, geodesic balls of radius 7/2 map
diffeomorphically to M, so they are also geodesic balls. O
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17 The sphere theorem

For this section we mainly follow [3] (but see also [4]).
We aim at proving the following, in the case where M is even dimensional:

Theorem 17.1 (Berger). Let M be a compact, simply connected manifold with
i < sec < 1. Then M is homeomorphic to a sphere.

The “pinching” constant i cannot be improved, and indeed strict inequality
is necessary. On the other hand, the statement can be improved by replac-
ing “homemomorphic” with “diffeomorphic”; this is a much more difficult and
recent result due to Brendle and Schoen (see [2]).

Remark 17.2. Since M is assumed to be compact, the pinching condition on the
curvature can also be written as

7<6<Se(:<1
.
= =

We will write the pinched curvature condition in this form in the following
lemmas.

The proof of the sphere theorem relies on several results. One of these is
an estimate on the injectivity radius. We have seen that in even dimensions,
inj M > 7 (orientability is automatic since we assume simply connected). In
odd dimensions, the following holds:

Theorem 17.3 (Klingerberg-Sakai). If M is compact, simply connected and
% <sec <1, theninjM > .

We will not prove this here, so our proof of Berger’s sphere theorem is
only complete for even dimensions; see [5, 2.6.A.1] for a proof. Notice that
Berger’s sphere theorem only requires a weaker version of the theorem with the
assumption i < sec < 1; this version of Theorem was proved long before
by Klingerberg.

Remark 17.4. The fact that simpy connectedness is necessary can be seen by
considering the quotients SU(2)/Zy, where Zj, is a cyclic group in U(1). The
subgroup U(1) C SU(2) is a periodic geodesic of length 27, so the quotient
has a periodic geodesic of length 27 /k and its injectivity radius can be made
arbitrarily small.

Remark 17.5. Consider the Berger sphere, where an orthonormal basis e; = %1,
ez = j, e3 = k. We proved in Section |§| that V¢, e; = 0, so there is a periodic
geodesic of length 27a, i.e. inj = wa. On the other hand,

a? §sec§4—3a2,

so for the rescaled metric (4 — 3a?)g we get

2

inj = mav/4 — 3a?, a4 <sec < 1.

4 —3a2 —

2
For a < %, inj < 7, and % can be made arbitrarily close to é. This shows

that it it not possible to replace [§,1] with [§ — €, 1] in Theorem m
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The second result is the following;:

Lemma 17.6 (Berger). Let M be compact, fix ¢ and choose p in M such that
d(p,q) is mazimal. Then for allw € T,M there exists a segment y from p = v(0)
to q with g(+'(0),w) > 0.

Proof. The statement holds trivially if w = 0. Otherwise, let o(t) = exp, tw.
Pick a sequence p, — p of points on o(t) and choose v, € seg(p,) such that
exp, (vn) = ¢, ie. [0,1] = M, t— exp, tv, isa segment. Then |v,| converges
to d(p,q), so up to a subsequence we may assume that v, converges to some
v € T,M, exp,v = q. We claim that we can choose the sequences {p,}, {v,} so
that g(vn,0’) > 0; in the limit, we obtain g(v,0’(0)) = g(v,w) > 0; thus, this
gives the geodesic (t) = exp, tv as in the statement.

In order to prove the claim, suppose for a contradiction that there exists a
to > 0 such that for every 0 < 7 < to and every segment v, from o(7) to ¢ we
have g(v.(0),0'(7)) < 0. For fixed 7, choose g on 7, such that the subsegment
of v, connecting o(7) to g is inside a geodesic ball centered at gg. Then by
Gauss’ lemma the points of o(t) become closer to gy as t < 7 (at least for ¢
sufficiently close to 7). So by the triangular inequality

d(o(t),q) < d(o(t),q) + d(qo,q) < d(a(7),q0) + d(qo, q) = d(o(7),q).

Since 7 is arbitrary, this shows that the distance from ¢ is strictly increasing
along o(t) in the interval (0,tp), which is a contradiction because d(p,q) is
maximal. O

Remark 17.7. In Berger’s lemma, compactness is only used to have a point p
with maximal distance from ¢. However, notice that a complete manifold such
that a point ¢ has distance < p from every other point is covered by exp, (B, (0)),
and therefore is compact.

The next lemma can be proved in more than one way; we will follow Tsukamoto’s
proof using Rauch comparison.

Lemma 17.8 (Berger, Tsukamoto). Let M be compact, simply connected, with
sectional curvature satisfying

<6 <sec <1,

| =

let p,q be points such that d(p,q) = diam M and choose p such that

~—

™
—= < p<m.

2V/6
Then M s the union of the geodesic balls B,(p), B,(q).

Proof. We use Klingenberg’s theorem (which also holds in odd dimensions in
these hypotheses), which implies that inj M > ; this shows that B,(p), B,(q)
are indeed geodesic balls.

Suppose for a contradiction that there exists r € M with

d(p,m) > d(g,7) > p.
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We claim that 0B,(p) and 0B,(¢) have nonempty intersection. Indeed, a seg-
ment from ¢ to r intersects 0B,(q) in ¢’. This point does not belong to B,(p),
for otherwise we would have

d(r,q") > d(r,p) — d(¢',p) > d(r,p) — p > d(r,q) — p = d(r,q").

This implies that 0B,(g) is not contained in B,(p). On the other hand, by
, ric > (n — 1)d, so the Bonnet-Myers theorem (Corollary gives diam <
w/ V3 < 2p; together with the observation that M cannot be contained in a
single geodesic ball, we find

p < d(p,q) < 2p.

Thus 0B,(q) meets B,(p) and therefore its boundary, so 0B,(p) and 0B,(q)
intersect at some 1, i.e.

d(ro,p) = d(ro,q) = p-

Let A be a segment from p to ro. By Berger’s lemma, there is a segment v from
p to ¢ with g(X\'(0),+/(0)) > 0. Then ~ intersects dB,(p) in some point s.

We can apply Rauch’s theorem and compare the triangle rops with a triangle
in the sphere with curvature 9, i.e. with radius %; notice that % > 1,50 B,(p)
is a geodesic ball in that sphere. The corresponding isosceles triangle 73ps in the
sphere has angle < 7/2 at p. This means that, in appropriate coordinates, 7o and
§ are in the same orthant; therefore, the geodesic arc that connects them is also
contained in the orthant and has length bounded by 2%/5, ie. d(8,79) < 2“%.
By Rauch comparison, the curve in M corresponding to the geodesic realizing
the distance has length < 2L\/5, and therefore

™
d(s,rg) < —= < p.
(s,70) Wi
Now let sg be the point of « closest to rg; sg must belong to the interior of
the segment, since d(p,ro) = p = d(q,ro). Therefore, the segment from r to so
is orthogonal to v, and

d(So,To) < < p.

7r
2V
Since d(p,q) < 7/V/6, we have d(p,sg) < 2”% or d(g,s0) < ﬁ; suppose the
first holds. As above, we can consider the triangle psorg, which has angle 7/2
at so and two sides of length < ﬁ; so, the corresponding triangle in the sphere
is contained in a single orthant in suitable coordinates. Therefore, by Rauch
s

comparison d(p,rp) < ﬁ < p, which is absurd. The case d(q, so) < oG is
similar. O

Lemma 17.9. Let M be compact, simply connected, with sectional curvature
satisfying

1
1<5§sec§1;

let p,q be points such that d(p,q) = diam M and choose p such that

™
—— <p<T.

2V/6

On every geodesic vy of length p, v(0) = p, there is exactly one point m equidis-
tant from p and q.
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Proof. By the injectivity radius estimate inj > 7, we have that v is a segment
and its terminal point lies on the boundary of B,(p); thus, by Lemma v(p)
belongs to B,(q). Thus the continuous function ¢ — d(p,~(t)) — d(q,v(t)) has
a zero, which gives the equidistant point y(t) = m.

Suppose for a contradiction that m’ is another equidistant point. Without
loss of generality, assume m’ is between p and m. Then

d(g,m) = d(p,m) = d(p,m") + d(m’,m) = d(q,m") +- d(m’, m).

Let o be the segment from ¢ to m. Then m’ lies on o, in between ¢ and m.
Since o and v contain the unique segment from m’ to m, they are the same
geodesic, so p = ¢, which is absurd. O

Theorem 17.10 (Berger). Let M be a compact, simply connected manifold with
% < sec < 1. Then M is homeomorphic to a sphere.

Proof. Let p,q be points of M such that diam M = d(p, q).

We know from Lemma that for any unit v in T,,M, there is a unique
point m on [0, p] — exp, v which has equal distance 7(v) from p and ¢g. The
function 7 is continuous, because its graph is the compact set

{(t,v) [ d(p, exp,(tv)) = d(g, exp, (tv))},

which projects homeomorphically on the unit sphere in T, M. We can extend 7
to T,M \ {0} by 7(tv) = 7(v), t > 0.
This gives a map

T,M > By (0) — M, vH{exppT(v)v 07&87
P v=

which is a homeomorphism onto the image, call it D1, because it is continuous
and injective. By construction, any point r of Dy satisfies d(r,p) < d(r,q), and
equality holds if and only if r is on the image of the boundary.

We can construct in a similar way a map

T,M > B;(0) — M,

which maps homeomorphically onto a disc Dy. We then have that M is the
union of two discs glued along the boundaries, so it is homeomorphic to a sphere
(notice that there is only one orientation-reversing homeomorphism S™ — S™
up to homotopy). O
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